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Abstract. In this paper, we present a new numerical approach for solving a class of
stochastic partial differential systems with additive noise on overlapping subdomains.
We combine the domain decomposition method, the deterministic method of lines and
the barycentric interpolation method. In addition to the combination of these three
methods, we implement the stochastic Ito-Taylor family schemes for solving a stochastic
advection-diffusion-reaction problems. The solution of the stochastic system is then
carried out by collecting interior and interface solutions. Finally, computational results
are performed on two dimensional overlapped subdomains with nonlinear boundaries.
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1 Motivation

The Domain decomposition methods (DDM) for solving evolutionary partial differ-
ential equations (PDEs) was first introduced by Schwarz [19]. This classical alternating
Schwarz method (ASM) is used to approximate PDEs solutions on an overlapped circle
and rectangle. Where the used scheme solves the problem on the circle with boundary
condition taken from the interior of the rectangle and solves the PDEs on the rectangle
with boundary condition taken from the interior of the circle. The DDM techniques deal
in general with solving subproblems on subdomains instead of solving the initial problem
on a computational domain without decomposition. The solution of these subproblems is
qualitatively or quantitatively simpler than the original problem [20, 2], 22 30]. In the
framework of numerical analysis for PDEs, the DDM solves a boundary value problem by
splitting it into smaller boundary value problems on several subdomains. Generally, these
problems on the subdomains are independent, which makes the domain decomposition
methods suitable for parallel computing [3, 14, [I5, I6]. These techniques are typically
used as preconditioners for Krylov space iterative methods, such as the conjugate gradient
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method or Generalized minimal residual method (GMRES) [28] 31]. Later, Lions in [9, [10]
extends the ASM to more suitable algorithm. He proposed an interesting additive Schwarz
method. The overlapping DDM, which include the alternating and the additive Schwarz
method, is the concern, where the subdomains overlap by more than the interface. More-
over, they could be written and analyzed as special cases of the abstract additive Schwarz
method.

In this work, we transform the Schwarz algorithm for solving stochastic partial differ-
ential equations (SPDEs) on overlapping subdomains into an equivalent problem on non-
overlapping subdomains. Where, the concentration on the overlapping region, considered
as new function, is a consequence of chemical and physical transformation of those from
the non-overlapped subdomains. Thereafter, we solve the system of SPDEs with additive
noise using a class of stochastic Itd-Taylor (SIT) schemes [2 4], 8, [7, [17], combined with
the deterministic the method of lines (MOL) [24} [32, 18] 25] and the barycentric interpola-
tion method (BIM) for approximating the interface solutions [34, ?]. In the present work,
similar to the parallel Schwarz Waveform Relaxation Algorithm presented in [12] [I3], we
analytically construct a new numerical approach for approximating the non-overlapping
interface of the overlapping region of the computational domain.

This paper is organized as follows: In Section 2, we introduce overlapping stochastic
problem and the corresponding non-overlapping equivalent one. Thereafter, we suggest an
algorithm for interpolating the interface solution. In Section 3, we construct the It6-Taylor
family schemes for solving the equivalent system of systems. In Section 4, we present the
time-space integration of the problem. While, in Section 5, we accurate our method using
several tests. We perform geometrical and numerical experiments on two dimensional
subdomains with nonlinear boundaries. Finally, comments and some concluding remarks

are presented in Section 6.

2 Modeling of SPDS on decomposed subdomains

In the following section, we present a stochastic overlapped and alternating Schwarz
problem. Thereafter, we transform it into a non-overlapping parallel problem. Because of
the reactions and actions of species inside the common region, the solution of the PDEs
problem on the overlapped interface lead to the introduction of a new function. Moreover,
we set up some advantages of the proposed transformation.

2.1 SPDS on overlapping subdomains

Consider a probability space (€2, F;, P), where € denotes the space of outcomes. The
sequence JF; is a family of right continuous filtrations associated with €, for all ¢t € [0, T
with 7" > 0. P is the probability measure on the right continuous F;. Moreover, denote
by H = L? (Rz,R) the separable real Hilbert space of square integrable real valued
functions defined from IR? to IR with scalar product and usual norms. For two overlapping
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subdomains D; and D, such that D; N Dy = I'; 5, we suppose that U? is the time-space
stochastic processes defined as a mapping U® : [0,T] x Dy x Q2 — IR, for s = 1,2. Denote
by (U',U?) the exact solution of the following stochastic partial differential system:

Ul =V-(d,VU") —a,- VU + 09!, on Dy,

1
U? =V (d,VU?) —ay-VU? + 0°n*, on Do, @

where, for s = 1,2 the processes 7® are two independent white noises. The parameters
o® are two standard correlations, d, are a constant diffusion coefficients and a4 represent
a constant advection parameters. the time-space processes U® could be interpreted as
densities of interacting species X and Y respectively, see for instance similar works in
[T, 24]. In order to numerically solve the problem (), other factors should be be taken in
consideration. Namely, the evolution of the species X and Y on the overlapped subdomain
I'y 9. Therefore, we suggest the following classical chemical reactions:

X — aX+(1-a)X, 2)
Y — (1—a)Y +aY, (3)
OétX + (1 - Oét)Y — XY, (4)

where for all t € [0,7], a; is chosen as a deterministic or as a random variable with
outcomes in the real interval [0,1]. The reactions ([2) and (3) refers the molecular de-
composition, where larger molecule splits into smaller parts. The reaction (d) is of types
bimolecular reactions. For instance when two molecules oy X and (1 — ;)Y collide and
react with each other. Hence, let us denotes by U? the density function of the new chemi-
cal product XY on the overlapping subdomain I'y 5. It satisfies the following physical and
chemical splitting transformation:

U'— (1 —-o)U* on D;\Ti,,
U?> — o,U? on Dy\T',, (5)

U+ (1 —a)U? — U? on Ty,

Therefore, a new numerical approach is required for solving the SPDS () on D together
with (@) on the overlapping subdomain I'y ». For the time-space integration, we use the
parallel domain decomposition algorithm (DDA) and we apply the method of lines (MOL)
to transform the SPDS ([]) into a semi-linear system of systems with random entries, see
124, 32]. We solve these systems locally on D; \ I'y 2, on Dy \ I'1 2 and we update the
solution on the boundary of the interface I'; 5. For continuity purposes of the solution
on all common interfaces I', and I'y, see figure [I, we force a; to be temporal and spatial
function.
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2.2 Non-overlapping equivalent problem

In this section, we introduce an non-overlapping equivalent problem for solving the
overlapping SPDS ([Il) together with (H). In fact, to deal with this problem, we have to
solve U' on D \ I o, U? on D, \ ' » and solving a new SPDE problem for U? on Iy .
Unlike the alternating deterministic Schwarz algorithm [19, O, [I0], we solve the system
(@) using the parallel Schwarz scheme, by introducing the new function U? and taking in
consideration the changes inside the overlapping subdomain. Hence, due to the reactional
changes on the overlapping region, the new reactional equation is given by

U? =V - (f(dy,ds)VU?) — g(ay, ay) - VU? + o'n' + o*?, (6)

where the variable a;(w) have outcomes in [0, 1], the diffusion coefficient d3 = f(d;, ds) is a
function of dy and ds, the advection coefficient a3 = g(aq, az) is a function of the advection
a; and ay. Finally, the resulting overlapping equivalent problem has the form:

U% = dlAUl — a1VU1 + 0'17’]1 on Dl \ FLQ,
U? = dy,AU? — a;,VU? + 0% on Dy \ Ty, (7)
U? =dsAU? —az3VU? + o't + 02> on Ty,

In order to complete the transformation above to numerically solve the original domain

decomposition problem, we have to approximate the local solutions U', U? and U?® on
o'y =1, ULy, see Figure ().
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Figure 1: Computational Domains.

The interface solution should satisfy the following boundary conditions:

wl? =U?=U} on Ty,
{ t t (8)

23 _ 773 _ 172
w>® =U; =U; on I,

where the interface solutions w!? and w?? are approximated using the barycentric inter-
polation method (I3)) presented in the next section. For more details, we also refer to

34, 7].
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2.3 Interpolation of the interface solution

In order to construct the interface solutions w, we use the FTCS-BIM scheme, see [5, [0,
34, ?]. For the non-overlapping interfaces I', and I'y and a given time FTCS discretization
of the problem (§), we define the neighbors grid-points index set N[ as

NPy = {(i+a,j +b)||a] = b = mia,b e Z}. (9)

We define, the coefficients set oy« j« € C;; C|0, 1] as

1-2 1-2 -
G = {( 4 a)i+2,j—2’( 4 a)i+2,j+2’ (%)i+1,j—17(%/8 )i+17ﬂ'+17

1-2 1-2
( 4 a)i—z,j—2’( 4 a)i—2,j+2’ (%6+)i—1,j—1’ (%)i—uﬂ}'

and satisfies the following convex combination

Z Oéi*J* = Z Oéi*J* =1. (10)

ax jx €C4 (i*,5*)EN]} JUN?

where the notation a, 8% and 5~ stand for

2dAt a a
_ AL e % Ar and B =14 LA 11
a Ao 6] 500, an B +2d x (11)
For more details about the construction of this method, we refer to [?].
Under appropriate conditions on initial solution U? in L?*(D), there exist a unique

solution UP? in C([0,T], L*(D)) N L?(0,T; H}(D), such that the DDM solution

3
UDD(Xv t) = W(Xv t)‘arl,Q + Z U’ (X7 t) |DS\aD57 (12)

s=1

where U? is the solution of the sub-problem s for s = 1, 2, 3 and the mapping w(x, t) is the
whole interface solution. This non-overlapping interface solution is recursively computed
as updated function depending on the values of U at (t — At), which is given by

UPP(x;;,0) for t=0,
W(Xivj) = Z Oéi*J*UDD(XZ'*,j*,t - At) for t>0 (13)
(i*,j*)EN} JUNZ,
where
UDD(XZ'J', O) = US(XZ'J, 0)
The initial and Dirichlet boundary conditions are

U*(x,0) =U(x,0)|,, for s=1,2,3.
U’(x,t) =0 for (x,t) € 0D x[0,T].
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Consider the deterministic case, where i.e o' = ¢ = 0. In order to solve the equivalent
problem (&) on non-overlapping subdomains, we assume that the following advection and
diffusion coefficients hold for any interface point x; ; € I', or I'y:

1 1
d3 = §(d1 -+ dg) and as ‘= 5(@1 -+ CLQ).

Thus, we have the following convergence theorem

Theorem 1. For x;; € T, or Ty, if 4dsAt < (Ax)?, Az < 2d3/as, then there exists a
sequence (o ;) such that following two step Barycentric scheme

U(Xi,j7 tn_;’_l) ~ U’le‘_f‘l = Z Oéi*7j*UDD(Xi*7j*, tn), (15)

(i*,j*)eNi{juNgj

approzimates U (X; j, t,41) in the problem () and in the system (8) with time-space con-
vergence order O(At + (Ax)?).

For the proof, we refer to [?].

3 Ito-Taylor schemes for SPDEs on overlapping subdomains

In this section, we recall the construction of the It6-Taylor scheme for integrating
stochastic differential systems driven by at most two uncorrelated noises. First, we set up
some classical definitions and notations, for more details see [34]:

The Component set is an ordered subset, denoted by FY. It contains the whole num-
bers 0, 1 and 2:
FY .= {0yUF,={0yu{1,2} ={0,1,2}.

The Multi-index is an (-tuple, denoted by o = (jy, ..., ), where j; € Fy and 1 <7 <.

The Length of a Multi-index is the number of components of «, denoted by ¢(«) :=
ly.

The Zeros a multi-index is the number of zero components of «, denoted by n(«) :=

Ney-

The Multi-index set is the set of all multi-indices with respect to I3, represented by

M () U {v},

I
(G

=1

where v refers to the empty multi-index with size zero.
The drop operator (—) is defined for a multi-index o = (j1, 2, ..., J1) € Mo, such that
—a = (Jo,...,71) and a—:=(J1,72, -, Ji-1)-

6
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Example 1. The following examples makes clear the definition above:

o For a = (1,0), we have {(a) =2 and n(a) = 1.
e For o = (1,0,1), we have ¢(a) = 3 and n(a) = 1.
o For a = (1,0,2), we have —a = (0,2) and a— = (1,0).

o Ifl(a) =1=1then —a=a—=vand I(—a) =l(a—) =0.
Throughout the following section, all stochastic processes are defined on a probability

space (2, F3, P) with right continuous augmented filtration F;,t € [0, 7.

Definition 1. Denote by H, the set of stochastic processes ( f;)i>0, which are progressively
adapted to the associated filtration {F;}:>0), right continuous and the left limit exists.
We define the sets H,, Hg), H(1) of essentially bounded, integrable and square integrable
processes as

(). Hy:={feH:VYt>ty |f(t,w)<oo as.},
(i) Hoy:={feH:Vt>ty [i|f(s,w)ds<o0 as},

(iii). H) = {fEH Vi>ty [ |f(s,w)’ds < oo a.s.},forjeFQO.

where the notation a.s. refers ’almost sure’ in the theory of stochastic calculus. Moreover,
we assume that the sets H(;) = H(j) coincide, for all j € Fy. for more details, we refer to

7, .

Definition 2. Consider a = (jy, jo, - - ., j;) a multi-index and an m-dimensional Brownian
motion (W;);>o. For f € H(,), multiple Ité-integrals are defined per recursion as follows:

L[ f ()]t = ftto Lo [f()]to.5ds, if {>1and 5 =0,
S Lo [f ()]to,sdWEt, if 1> 1 and jy > 1.
Here H(,) is defined per recursion as
Hey:={f € H: lar[f( ). € Hy}, (16)
for j; € Fy and [ > 2.

Example 2. We illustrate the Definition above in the following examples

Tnap)lf e = /to /to AW AW,

Tapo)lf(w: = [(12 ost—/ // (s2)dW, dW?2 ds.
to Jto Jto
t

Tazonlf (e = Ta2,00[f()]o, (AW

to

For simplicity, we use the following notations I,,; = I,[1]o; and W? = .

7
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In order to integrate the stochastic partial differential system ([I), we first introduce
the Ito-Taylor scheme for differential systems of equations. Let (W;)iep,m be an m-
dimensional Brownian motion defined on a (€2, A)2 with right continuous augmented filtra-
tion F = (F;)sefo,r]- Consider the following d-dimensional It6 process X, := (X}, ..., X},
which satisfies the stochastic differential (IT7) driven by at most two noises dW}, ..., dW;™:

dX; = a'(t, X,)dt + > b4 (t, X)dWi, (17)
=1
where for all ¢ = 1,...,d, and j = 1,...,m, the drift vector (a}).cpo,r] and the diffusion

matrix (by”)sep ) are F; adapted and satisfy [ alds < oo and [ (b29)%ds < 0o a.s.

For any partition 0 = ¢y < t; < .-+ < ty = T of the time interval [0,7T] with step
sizes At,, = t,y1 — t, and maximum step-size A = max, At,, let YnA be a numerical
approximation of the exact solution X; at a time point ¢,. We have to distinguish
between the strong and the weak convergence of X, , see [7, [§]:

Definition 3. We said that the Y, is a strong approzimation of order v = 0.5,1,1.5,...
if it exists K, > 0 such that

BV, = (E[YR, = XrPP)" < Kpp A with  Jim (V) =0, (18)
T—>00

and we said that Y, is a weak approzimation of order B =1,2,3,... if it exists K,p > 0

such that

< KyrAP with  lim EP(Y2)=0, (19)

NT—)OO

LY = |Bg(¥2,) - Bg(Xr)

where g any polynomial function and p is in general one or two. Moreover, we have to
note that the numerical approzimation above are given in L?.

In the following, we set clear the It6-Taylor family scheme. We consider a regular
function f : IR? — IR and suppose that the assumptions of the existence of the nu-
merical solution given in [7] are satisfied. Thus, the strong Itd-Taylor scheme of order
v=20.5, 1, 1.5, 2,...is given by:

}/E] = 507
Yn-l-l = Z ]a[fa(tnv Yn)]tn,tn+1 = Yn + Z Ia[fa(tnv Yn)]tn7t7l+17 (20)
acA, ac A \{v}

where the multiple Ito-Integrals are given by definition 2 and A, is given by
A, = {aeM,| l(a)+n(a) =27 or l(a) =n(a) =7+ 0.5}. (21)
For the weak approximation, we change the the index set A, by Az such that
Az = {aeM,| l(a) <p}. (22)

8



Numerical solution of stochastic partial differential systems with additive noise on overlapping subdomains

Thus, the scheme (20) could be written as:

}/E) = 507
Yn—i—l = Y, + I( )[ (ta Yn) At, T Z Ijl (t’ Yn)]Atn (23)
JlEFm
+ Z I(j17j2) [le b’ (t’ Yn)]Atn (24)

(J1.J2)€EFE,
+ > gollat,Ya)lae,
(jl’O)EF’!%LX{O}
+ > o LV (t Ya)lar,
(0,2) {0} x 'y,
+oo[La(t, Vo)) ar,
+ X G [ LR Ya) (25)
(J1.52:93)EFS,
+ Z [.71 J2,0) [LJILJQ (ta Yn)]Atn
(71.72,0)€F3 x {0}
+ Z 1(51,0,3) [leLObjS (t,Yo)lat,
(41,0,52) € Fm x {0} X Fim
+ Z [0]2 VE)) [LOLDHS (t Y, )]Atn
(0,52,73) {0} x F3,
+ Z [(jl J2,73,74) [leLj2 LBy (t, Vo)l At (26)
(J1:32,3,J4)EF
where the Euler Maruyama scheme is represented by (23]), the Milstein (or Taylor order
one) is (23)-(24), Taylor scheme of order 1.5 is represented by (23)-(25) and the Taylor
scheme of order 2.0 is represented by the [23)-(26), fori = 1,...,d and j = 1,...,m the

differential operators L’ for j = 0,1,...,m are given by
d d m 2
0 1 0

L0 = — 4= b b — 2
z_:l oxk ET 2 kzl Zl Oxioxk’ (27)
= 7 7

IJ = § :b” 28
Oxt’ (28)

The It6-Taylor schemes (23))-(28]) correspond to the following multi-index sets: For v = 0
the multi-index « has a no-length, therefore the main set is Ao = {v}. The set Agg
represents the initial guess of the numerical scheme. If v = 0.5, then the length of the
multi-index is at most one. Hence, we obtain

Ags = Aoo U{0}UF}, (29)

which leads to the Euler-Maruyama scheme. If v = 1, then the index set A; o corresponds
to the first order It6-Taylor scheme (called also Milstein scheme)

Aro=Aos UF2 = AgoU{0}UFL UF2. (30)

9
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If v = 1.5, then index-set A; 5 is given by
Ars = Ao U{(0,0)} U ({0} x Fj) U (Fp, x {0}) UFS, (31)
If v = 2.0 the index-set Ay is given by

Azp = ArsU ({0} x F2) U (F2 x {0}) U (F}, x {0} x F}) U F. (32)

4 Time-space integration of SPDS on overlapping interface

Consider a constant time step At of the time interval T = [0, 7] and constant spatial
steps Ax = 211 — 2, = Ay = yjp1 —yj, fori =1,...,Nand j = 1,..., M Thus, the
FTCS approximation of the solution of () is

AU () = |(—20)U;(t) + %5_Ui1—1,j(t) + %5+Ui1+17j(t) (33)

a o
+§5 Uil,j—l(t)+§5+Ui1,j+1

dt + o'n' (t,x; j,w)dt

I} (0%
W) = |2 + 58 UL0 + 55 Vi (0

o a
+§5 Uiz,j_1(t) + §5+U2j+1(t)

dt + o0 (t, x; j,w)dt

where U?; = U®(x;;,t) = U*((x,y;),t) represents the numerical approximation of the
exact solution U* at the space-time point ((x;,y;),t) € D x T. The coefficients «, 5+ and
[~ are given as

@ 2d _ a n a
AT P =logghn and Bf=l4uAc (34)

The system (B3)) can be transformed into a multidimensional stochastic differential system
of the form, see similar works [24]

dU(t) =K'\ t,U(t))dt + G'(t)dW'(t), on Dy,

(35)
dU*(t) =K2*(t,U*(t))dt + G2(t)dW?(t), on Dy,

where the white noise stochastic processes n°(t,x, -) are supposed to be uncorrelated in
time and in space for all s = 1,2, it yields

dws(t,x,w) if xe€ Dy C D,

dtn®(t,x,w) =
(6%, w) { 0 Otherwise,

Moreover, the white noise processes dW?* is Hilbert-space valued random variable satisfy-
ing:
dW?(t,x, - )dW?*(t,y, ) = 2f(x — y)dt,

10
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where s = 1,2, x,y € D, and f is a smooth function. It should be stressed that, in
the general case, it is not required that the noises 1° to be independent and identically
distributed. Furthermore, the white noise or Brownian motion can be considered as a
truncated approximation of infinite dimensional Wiener process [4].

Our main interest is solving the system (B5]) numerically by taking in consideration the
overlapping interface I'; 5. Therefore, we define the evolution of U' and U? as combined
solution U?, as suggested by the reactions @ This resulting solution could be interpreted
as the outcome of chemical or biological reactions. Thus, we assume that there exist
a; € [0,1] such that

U} = U} +(1—a)U; on Ty, (36)
Hence, the stochastic system could be written as
dUt) =K'\ t,U(t))dt + G(t)dW*(t) on D;\Tig,
dU?(t) = K2(t,U?(t))dt + G?(t)dW?(t) on Dy \Tg, (37)

dU3(t) =K3(t,U?(t))dt + G (t)dW'(t) + G2(t)dW?2(t) on I',.

)

where K', G and W for i = 1,2, 3 are matrix resulting from discretizating system using
the deterministic method of lines, se for more details [24] [34]. Furthermore, the system (B7))
should be solved for U" on (D;\I'15), U? on (D5 \T; 3) and for U? on I'; 5 considering the
combination (B6@]). However, the solution on the non overlapping interface dI'y o = ['yUT,,
satisfies, the following continuity condition

U' =U’ for (x,t)€lyxT,

(38)

U?> =U? for (x,t)eTl,xT.
where the interface (B8] will be interpolated using the Barycentric interpolation method
given by ([I3]). It is important to note that integrating the iterated stochastic integrals I,,
for a multi-index « does not need any approximation on D; \ I'; 5 and D, \ I'; 5 since the
random excitation desponds on one noise only, see the explicit construction in [34]. While
in on the common overlapped interface the double stochastic integral I(;, ;,y, for ji # jo
needs to be approximated using classical methods, see for instance [32].

5 Numerical experiments

The main goal of our numerical tests, is analyzing the numerical behavior of the solution
on domains with an overlapped interface. We simulate the SPDS () together with (Bl on
D showed in Fig. Pl We restrict ourself to the problem in dimension two and for the error
measurement, we use the L? grid norm:

1/2
-0, = ar(E 5w -oter) ®

i=175=1

11
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First, we consider the following cut functions:
fa(@) = —0.505 —0.15¢~ 20 and  fo(x) = 0.5+ 0.15¢ 120" (40)
Thus, the computational subdomains are then given by:
(i) D= {x=(z,y) € C(x0,7)| (& = 1/2)* + (y = 1/2)* < 1/4} = D(xo,7).
(i) Dy = {x = (z,y) € D(xo,7)| 7 < ful2)} .
(ii)) Dy := {x = (2,y) € D(x0, )| falw) <x}.
(iv) Tio = {x = (z,y) € D(x0,7)| falz) <z < ful2)},

where C/(x¢,7) is the circle with center xo = (1/2,1/2) and radius » = 1/2 and D(xo, )
is the corresponding Disc. The non-overlapping interfaces are given in the following set
notation

(ii)) T = {x = (z,9) € T15| y = ful@)}.

(iv) Tai={x=(2,9) €T1a| y = fulx)}.

where the boundary of the interface is given by dI'y o = 'y U T,.
We simulate our result on the following computational domains Under different initial

1 1 1
D2
r
u
i 05 05 0.5<>
rd
Dl
1 00 05 1 00 05 1 00 05 1
(a) Domain D (b) Subdomain Dy (¢) Subdomain Do (d) Ty2=D1N Dy

Figure 2: Computational subdomains.

solutions and different choice of the advection and diffusion coefficients, we solve the non-
overlapping advection diffusion system (1), which is equivalent to the original problem

@:

Ul =dAU' +aVU" for (x,t)€ D; xT,

U; =dAU? +aVU? for (x,t)€ Dy x T,

U} =dAU? +aVU? for (x,t) €9 xT, (41)
vt =U? for (x,t) ey xT,

v* =U? for (x,t)el,xT

12



Numerical solution of stochastic partial differential systems with additive noise on overlapping subdomains

For all our simulation, we adjust the time-space stability condition using the Courant

Ax)2
Friedrichs Lewy condition At = 0.95(At)crr, where (At)cpr = ( 4? .

5.1 TEST 1: Decoupling vs coupling of local solutions

In this test, we perform a geometrical accuracy test. We solve the problem (42]) using
the coefficients d, = 0.25 and a; = 0.2, for £ = 1,2,3. We examine the decoupling
behavior of the three solutions by solving U' on D, \ I, U? on D, \ I'1 2, and U? on
[y o0

U =dAU"+a, VU for (x,t)€ D; xT,
(P1): { U} =dyAU? +a,VU? for (x,t) € Dy x T, (42)
U} =dsAU? 4+ az3VU? for (x,t) €5 x T.

We compare the geometrical behavior of the non-interpolated interface solution (ie w = 0)

U' =U*=0 for (x,t)€lyxT,

43
U?> =U*=0 for (x,t)el,xT, (43)
with the interpolated one (w # 0)
U' =U°=w'"? for (x,t)€TyxT, (44)
U?> =U*=w?> for (x,t)eT, xT.
The initial solutions are the following normal-like concentrations:
1 B (x —0.5)*+ (y — 0.2)?
U (x,0) —exp(—0.15( 5 10-1 )) on D;\T,,
x—0.5)*+ (y — 0.5)?
U?(x,0) = exp < - 0.15(( 2) 10(_?1 ) )> on Dy \ T, (45)
5 B (r —0.5)*+ (y — 0.8)?
U?(x,0) = exp < ~0.15( S0 )> on Ty,
The Dirichlet boundary conditions for the three solutions are:
U'(x,t) =0 forall (x,t)€d(D;\Tiz) x[0,7],
U?(x,t) =0 forall (x,t)€d(Dy\Ti2) x [0,7], (46)

U?(x,t) =0 forall (x,t)€d(I'5)x[0,T],

In the first row of Figure B we present the decoupled solutions U', U? and U? defined by
([@2). We show the solutions at different time steps, namely at ¢t = 0, t = 100At, ¢t = 200At
and t = 500At. The plotted contours are fully separated since the inside interface is
a zero-flux boundary. This confirms on the one hand the control of the interface and
on the other hand the possibility to simulate different problems on the non-overlapping
subdomains D; \ I'; 5, Dy \ I'1 2 and I'; 5, respectively. In the second row of Figure B we
show the solution of the problem (42)) by interpolating the interface solution (@4l using
the BIM algorithm.
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, j>>)

t = 100A¢ (c) t = 200At (d) t = 500A¢t

(f) t = 100A¢ (g) t = 200At (h) t = 500At

Figure 3: Decoupling vs coupling of local solutions on Dy \ I';1 5, D5\ I'; 5 and on I'y 5.

5.2 TEST 2: Interface smoothing

The main goal of this test is to observe the behavior of the interface solution and
the solutions on the neighborhood the inside interfaces. In this experiment, we solve the
problem ([#2)) by interpolating the interface solution. We approximate U' on D, \ Iy 2, U?
on Dy \ T' 2, and U?® on I'y 2 such that U? := U' + U? The initial solution is generated
using a uniform random variable with values in (0, 107%).

For different diffusion and advection coefficients d; = 0.25, a; = 0.2, dy = 0.2, as = 0.25
and d3 = (dy+d2)/2, a3 = (a1 +az)/2, we present in Figure () the evolution of the initial
solution at three time steps t = At, t = 10At¢ and at t = 100A¢. In Figure (@), we show
the cross section at x = 0.5 for the same solutions above. The expected result is getting a
smooth surface of the two dimensional function, which is the case. For equal coefficients,
we refer to the first case. The second row of Fig. Mlshows a perfect coupling of the solutions.
These solution are geometrically smooth enough to be at least two times continuous and
differentiable. Moreover, it should be stressed that even the starting initial solution is
fully irregular and the steady-state solution is a differentiable surface. Moreover, we pay
attention of the reader that the geometrical asymptotic behavior of the limit solution is
in general independent from the choice of the initial solutions.
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Figure 4: Interface smoothing: Sol. U* on D, \ Iy, U? on D, \ I'y 5 and U? on ['y.
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Figure 5: Cross section solutions at = = 0.5.
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5.3 TEST 3: Convergence accuracy

In this test, we numerically accurate the combined method FTCS-BIM for solving
evolutionary IBV problems. We compute the computational convergence rate CCO by
solving U' on D, \ T2, U? on D, \ I, and U? = (U'+U?)/2on Iy 9:

U =dAU'+aVU' for (x,t)€ D; xT,
(P3): { U} =dyAU* +a,VU? for (x,t) € Dy x T, (47)
U? =dsAU? 4+ a3VU? for (x,t) €5 x T.

We compare the solution of (A7) by interpolating the interface solution with the solution
of

U, =d,AU+a,VU for (x,t)e D xT, (48)

where U* is the projection of U on ¥ for k = 1,2,3 and ¥ represents the subdomains
D1 \ FLQ, D2 \ FLQ’ and FLQ. We set

dD1\F1,2 = dl; dDz\Fl,z = d2; dFl,z = (dl =+ d2)/27 (49)

and

ap\r,, = di;  Gp,\r,, = 25 ar,p\or,, = (a1 + az2)/2, (50)

Under the Dirichlet boundary conditions and the following initial solution
U (x,0) = exp(—=30((z — 0.5)% + (y — 0.5)?)). (51)
we distinguish two cases:
A: Using equal coefficients: d; = dy = 0.25 and a1 = as = 0.2.
B: Using different coefficients d; = 0.25, a; = 0.2 and dy = 0.2, ay = 0.25.

We assume moreover the following interface equality

U'|,=U°], and U*| =U"|, . (52)

The interface solution on 0I'; 5 is defined by
wii(x,t) = U'(x,t) =U’(x,t) on (x,t)€Tl, x[0,T], (53)
w2 (x,t) = U?*(x,t) =U’(x,t) on (x,t) €y x][0,T]. (54)

As can be remarked in Table 1., the method FTCS-BIM assure the second order in
space. The first order CCO is guaranteed, since the used temporal step is chosen using
the CFL stability condition: At = 0.95(At)crr, where (At)crr = (Az)? /4max(dy, a).
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Table 1: Spatial L?-errors for the cases A and B.

case A case B
N, L?-error CCO L2-error CCO
25 2.085266E-3 — 3.072218E-3 -
50 1.977757E-4 5.322484E-4 —

100 2.970599E-5 3.0666 | 1.243835E-4 2.3132
200 4.084231E-6  2.7988 || 3.014155E-5 2.0711
400 7.294578E-7  2.6738 || 7.011688E-6 2.0247

5.4 TEST 4: Solving overlapping SPDEs

In this test we solve the stochastic partial differential system

U% = dlAUl — a1VU1 + 0'17]1 on D1 \ FLQ,
(Py) U} = dyAU? — a,VU? + 0’ on Dy \ Ty, (55)
U} = dsAU? — asVU? + o'n' +0*n* on Iy 9,

We numerically approximate the solution of the system (@) using the first order Mil-
stein scheme. We generate a initial solution using a uniform distributed random vari-

able. Thereafter, we approximate the numerical solutions U* | DTy o U? | Do\Ty o and

(U' + (1 — a)U?) v, ,» for ay ~ UR(0,1). Similarly to the third test, we distinguish
two cases:

A: Using equal coefficients: d; = dy = 0.25 and a; = as = 0.2.
B: Using different coefficients d; = 0.25, a; = 0.2 and dy = 0.2, ay = 0.25.

We assume moreover the following interface equality and set

dD1\F1,2 = dl; dDz\Fl,z = d2; dFl,z = (dl + d2)/27 (56)

and
ap\r,, = di;  Gp,\r,, = 25 ar,,\or,, = (a1 + az2)/2, (57)
In Figure (@), we present in the first row the evolution of the solution at three time
steps od the case A: At ¢t = 100At, t = 200At and t = 5000At¢. In the second row, we
show the solution of the case B.

In Figure (@), we show a comparison overview of the initial and the Mean solution of
a M = 500 realizations at time ¢t = 5000At.
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Figure 6: SPDEs solutions using equal and different advection-diffusion coefficients.
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Figure 7: Comparison of the initial and the mean solution at t = 5000At of M = 500
realizations.
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6 Concluding remarks and outlooks

We developed a new numerical method for solving stochastic partial differential sys-
tems on overlapping subdomains. We transformed the original problem into an equivalent
system on non-overlapping subdomains. In addition, we numerically examined this com-
putational approach on overlapped subdomains with nonlinear (curved) boundaries. In
order to accurate our scheme, we experimented various geometrical tests using combi-
nation of different numerical schemes. Namely the domain decomposition method, the
method of lines and the barycentric interpolation method. The stochastic partial differ-
ential equations are solved using the first order It6-Taylor scheme or also the Milstein
scheme. Numerically, it has to be mentioned that this method could be easily extended
to interesting real applications using higher order or more suitable schemes such as Crank
Nicolson, Relaxation, finite volume, finite elements and meshless. Practically, the sug-
gested reactional region could be interpreted using more realistic data. Therefore, real life
applications are our future studies. Especially the treatment of problems in medicine or
oceanographic pollution problems.
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