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Abstract. Mixed multiple stochastic integrals for independent Braammmotions, can not be explicitly approximated.
However, integrating a time dependent process in the ssticteense, namely with respect to the associated Brownian
motion, leads to interesting analytical and numericaldaatd studies. The main concern of this paper is to provide
a recurrence formula (theorem 3.5) for simulating a clasaulfiple It stochastic integrals, which possess a behavior
similar to the Gaussian colored noise. Moreover, it cost@imumerical analysis, in a review style, of the time-
integral and time-differential, in the distributional sen of the non-differentiable time dependent Brownian oroti

All Matlab codes used in the numerical algorithms are alstedi.

Keywords: Brownian motion; multidimensionaldtformula; multiple stochastic integrals; Colored Noisehifé
Noise.

AMS Subject Classifications: 35R60, 35K57, 60H15, 65L06

1 Introduction

Early in 1944 and 1951, 1td K. published the first meaningfoblysis for Wiener multiple stochastic
integrals [9,10]. Later the works of Wong and Zakail[L8] 2@3ve a more explicit analysis to these
topics. These are necessary tools for solving either sstichdifferential equations (or systems) (SDEs)
[5)16,[19,23] or solving evolutionary partial differentiajuations with uncertainties [16,115,/ 17] 20| 21],
especially in Finance, Physics, Biology, etc..l[12,[142[1,/13].

The purpose of this work is to provide an introduction to catagional stochastics for numerical in-
tegration and simulation of a class of multiple 1td intdgralnstead of attempting to describe the largest
possible class of stochastic integrals, we will only single a class of these processes. Where, we show
some graphical similarities to the Gaussian Colored Noigkseover, because the aim is the application of
such integrals, much more emphasis is put into analysiseofttdoretical and computational properties of
multiple stochastic integrals with respect to a Browniartioo Here, we present interesting technics to be
used and developed by master students and young researEhmrsa pedagogical point of view, the pur-
pose of these notes is to provide an intuitive understanidirvghat multiple stochastic integral and clearly
set out the difficulties for this type of calculus. For a depalgtical theory we would refer the reader to the
books of Karatzas and Shreve (1991), Kloeden and Plater2)ISPand ®ksendal (1985, 2003) [8]. The
present work could link the attention of Finance and Math@saaster students or also Ph.D candidates
to improve their Knowledge of Computational Stochastidser&fore, in the same context this work will be
completed by two other works, namely numerical methods BESand numerical methods for SPDEs.

This paper is structured as follows: The second sectionistsnsf a numerical construction of normal
distributed random numbers using the famous method of theNBdler. We also state the computational
aspect of the Brownian motion and some related processethe Ithird section, we will prove the main
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theorem (Theroem 3.5 and Corollary 3.1) for the constructiie Colored-Noise-like multiple stochastic
integrals. With some interesting remarks and open questiva achieve the results of this paper.

2 Numerical Simulation of the Brownian Motion

The stochastic calculus is in general based on the Brown@tiomprocess. This was first discovered
by the Scottish botanist Robert Brown in 1827. The notiort tha increments of the Brownian motion
are normally distributed is the source of immense scientdgults, either in stochastic analysis or in the
interpretation of physical, biological, econometric misdén the following, we will focus our study on the
behavior of some derived processes, hamely the time-gitagd time differential of the Brownian motion
in the distributional sense. For more properties of the Briaw motion, we refer the reader 1o [3].

2.1 The Brownian Motion

Definition 2.1. A one-dimensional Brownian motion (also called standardnif process) is a real-valued
stochastic procesghl; }+> indexed by nonnegative real numbenmsith the following properties:

i. Wo=0.
ii. With probability 1, the functiont — W, is continuous irt.
ii. The proces§W,;},~¢ has stationary, independent increments.

iv. The incrementV; — W is normally distributed with mean zero and variance s i.e

Wy — Ws ~ vt —sN(0,1), forall t>s.

A Wiener process with initial valu&’y, = xq is achieved by adding, to a standard Wiener process.
The term independent increments means that for every clobicennegative real numbets< s; < t; <
89 <ty < --- < s <ty < 00, the random variables (Wiener increments)

Wy —We Wy = Weyy oo o Wy, — W

n

are pairwise independent. The stationary increments nikanthe distribution of the incremehit; ., — W
has the same distribution &g, — Wy = W, forany0 < s,t < 1

In general, a stochastic process with stationary, indegr@ridcrements is called a Levy process. More-
over, It should not be obvious that properties 1.4. in thenitedh of a standard Brownian motion are
mutually consistent, so it is not a priori clear that a stadd&ownian motion exists. That it does exist was
first proved by N. Wiener in about 1920. His proof was simptiftey P. Levy. The compatibility of the
properties 3. and 4. follows directly from elementary pmips of the normal distributions: X andY
are independent, normally distributed random variablés mieans.y; yy and variances?; o3, then the
random variableX + Y is normally distributed with meapx + py and variancers, + o

The random functioV : [0,1] — IR is continuous but nowhere differentiable (almost suretly®
proof was early given by Paley, Wiener and Zygmund in 1933s Thparticularly interesting, as it is not
easy to construct a continuous, nowhere differentiabletion without the help of randomness.

One of the interesting interpretations of the Brownian wmotis the relationship to the random walk,
namelyW; could be interpreted as a limit of symmetric random walkd. Useconsider a subdivision of the
interval [0, 0o) into subintervals of length. Each subinterval corresponds to a time slot of lergtfihus,
the intervals arg0, 6], (4, 28], (24, 34], . ... where thek!" subinterval is((k — 1)d, k§]. Furthermore, we
define the symmetric random variabl&s, for i € IV as follows:

P(Xi:\/c_S):P(Xi:—\/S):%.

2
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It is easy to see thaX;’s are independent anl[X;] = 0; Var(X;) = J. Define the procesg’; as follows:
SetW,y = 0 and at timet = nd define the value oV, by W, = W,,s = > ; X;. SinceW, is the sum of
n i.i.d. random variablesE'[W,;] = 0 andVar(W;) = t. For anyt € (0, 00), by the passage to the limit
for largen,  tends to zero and by using the central limit theoré,will be a normal distributed random
variable with mear®) and varianceé. Moreover, SinceX; arei.i.d, we conclude thatV; has independent
stationary increments. And by this way, the above methodslda the construction of a process with
continuous sample paths (i.8}; is a continuous function of t) nowhere differentiable. Targ called
the standard Brownian motion or the standard Wiener proddeseover, even if the differentiability is not
satisfied, one of the most interesting processes is the Gaustite Noiset(t) = dIV;/dt, defined as the
time-derivative in the distributional sense of the Browniaotion.

2.2 Construction of normally distributed numbers

One of the most useful methods for generating random numiaétsa normal distribution is the Box-
Muller transform, which was suggested by George Edwartid®elBox and Mervin Edgar Muller (1958).
Altogether, the Box-Miiller method takes independent ddath uniform random variableg$; and U, and
produces independent standard norm&jsand X using the formulas:

0 =2nU;, R=,/—2In(U2), X;=Rcos(d), Xz= Rsin(0). 1)

In other words from two random numbers , us € (0, 1] (generated by a uniform distribution), we produce
two independent standard normally distributed numiagrandns, namely:

ny =/ —21In(uq) cos(2mwus), ng = 1/ —21In(uq) sin(27wus). 2

It has been proven that the random variablgsand X, are independent, given that they use the sd@ine
andd. The independence property is analytically and computatip satisfied.
The Box-Muller Matlab code is given by:

function x=boxm();

%return a uniform normally distributed number x
ul=rand;

u2=rand;

x=sqrt(-2 *log(ul)) =*cos(2 *pi *u2);

code 1: boxm.m
To generate the histograms above use the following code:

function H=NormalDist(n);

% return a histogram of a uniform normal distribution
% n is the number of ND random numbers
X=zeros(1,n);

for i=1:n

ul=rand;

u2=rand;

X(i)=sqrt(-2 *log(ul)) *cos(2 *pi *u2);

end

hist(X,50);

Code 2: NormalDist.m
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Figure 1: Histogram of the random numbers generated by tlxeMBdler method.

2.3 Simulation of the Brownian Motion

Consider the upper time bourld € IR™ and let0 = ty < t; < ... < ty = T be an equidistant
Discretization of the time Intervat, 71, i.e. t;, = kA with A = L. Per definition of the Brownian motion,
the increments argi.d and normally distributed. Moreover, it yields

(Wtk+1 B Wtk)
VAL
To simulate the paths of Brownian motion, the valligs Vk = 0,1,..., N are per recursion obtained, and

by using linear interpolation one can compute the valud/pfor all ¢ €]t tx11].
The matlab code for generating the path of a Brownian moton i

~ N(0,1).

function W=BrownianMotion(dt);
% this code generates a Brownian motion path
% dt time step size
% the path of the BM will be showed in the time interval [0,1]
N=round(1/dt);
W = zeros(1,N);
T = zeros(1,N);
W(1)=0;
T(1)=0;
for j=1:N
T(+1)=)  *dt;
W(j+1)=W(j)+sqrt(dt) * boxm();
end
plot(T,W);

Code 3: BrownianMotion.m
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Figure 2: Brownian Motion for different time-step on the &nmterval(0, 1].
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Figure 3: Planar Brownian Motions for different time-stepsthe time intervalo, 1].
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3 Simulation of a class of Multiple Stochastic Integrals

The main concern of this section is to define and simulatess @amultiple stochastic integrals in the
sense of 1td. In this way, we deal with continuous (timeapaeter) stochastic proce&s(-) adapted to a
filtration §, progressively measurable, i%(w) is B; x §; measurable for all Boret-field B; on [0, t]. For
instance, all processes with continuous sample paths agegssively measurable.

3.1 Itb-Integral

Let us considef” € T and(£2, 2, P) a probability space with a Filtratiog = (St)te[QT}' We define the
setAr of square-integrablg;-adapted process (SIASP). Throughout this paper, thetifilir&, contains
the sets with measure zero ggds right continuous in time. In this casg, will be called a right continuous

1
augmented filtration. In the following, we will use the nofid; |5, = (JE(foT Zfds)) :

Definition 3.1. For Z € Ap, the the Itd integral with respect to the Brownian motiodédined as

t
I[Z)os = / ZodW, = lim ™M Z)o., (3)
0 —00
where
N
Mz g Z,n. Wtiw — Wtff;ﬁ)’ 4)
andrl, = {tffv’l :k=0,...,Nund! € IN} is a sequence of discretizations of the time intef0at]. The

limit (B) is a mean square limit of random variables, i.e dtds

lim E(I[Z]o; — I™)[Z]o4)% = 0. (5)

N—o00
Theorem 3.1. The limit (8) exists inL?(P) and is unique for alt € [0, T).

Proof. see[8].
The It6 integral satisfies the following properties:

Lemma 3.1. [Linearity]
Consider(Zt(l))teT, (Zt(z))teqr € Ar andK, Ks € IR. For

1120 Ot_/ ZWaw, and 120 Ot_/ Z@aw,,
it holds
t
15,20 4 K 2®)g, = / (5,20 4 Ky ZO)aw, = K 1[Z2 W], + KaI[Z2 P, ©6)
0

Proof. The proof of [6) follows directly from the Definitidn3.1.

Remark 3.1. It is important to note that, the linearity discussed in leaial required the integration with
respect to the same Brownian motidn. Therefore, for

11zY),, / zWawl and 1[23)y, = / Z2aw?, 7)

the linearity property of the It integral is not true.

Theorem 3.2. For (Z;)ieT € Ar, 0 < s < titholds,
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[Martingale]
E(1[Z]04|Ss) = I[Z]o,s- (8)

[It & Isometry]
t
E[([Z]o,)?] = E /0 Z2du. ©)

[Continuity of I;] It exists a continuous process such that

P(hy=1I[Z)os) =1 Vt,0<t<T. (10)

Proof. See([8] page 32ff.

3.2 Higher order Itd-Formula

One of the main concerns of the Stochastic Calculus is thecoeaept of differentiability. For instance,
we know that the path of a Brownian motion is continuous bwuilmere differentiable and in order to define a
stochastic differential equation and integrals, we havattoduce the notion of stochastic differentiability.
The central result is the It6-Formula, which leads to a nefinition of differential equation and a new
concept of Taylor expansion. A process satisfying a stdithdgferential equation (SDE) in the sense of
Itd, will be called an Itd process.

Definition 3.2. Let (W;)c1 be anm-dimensional Brownian motion defined or(Q, )" with right con-
tinuous augmented filtratioli = (3;):er. The processX/ ..., X is called Itd Processes, if and only if it
has the following form

. t mooeto .
X;:X§O+/agds+z/ IAWI; =1, d j=1,....m (11)
to S to

where for alli, j; (a})ier, (b7 )ier areF, adapted,,” alds < oo and [, (b37)%ds < oo as.

Lemma 3.2. Consider a one dimensional Brownian motion and a non-napesgiform time discretization
t), = kT2 of the interval[to, T]. Then we have,

2" —1 2" —1 2" —1

1. lim kZO(Atk) Jim Z Atg AWy, = lim Z AW, Aty = 0.
2"—1

2). nh_}I?E.lo (AW, )? / ds = (T — tp). (Convergence ir.?)
k=0

whereAty, =ty 1 — tp andAWy, =Wy, — Wy, .

Proof. The proof for 1). follows from the construction bellow:

2n—1 2n—1 T
li_)m Z (At)? < hm max (Aty) Z Aty = hm max(Atk) dt =0
i k=0 to

For the term 2). with the Brownian motion, we have

T T
0 = lim min(Atg) dWs < limy_soo Zin:_ol AtpAW;, < lim max(Aty) dWs=0=0.

n—oo k to n—oo  k to
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SinceAW;, are i.i.d and normally distributed with mean zero and vargait;, and by using the strong law
of large numbers the following convergencelifis true:

on_1 2" —1 T
nh_)ngo ];) (AWtk)2 = (nh—{%o ];] Atk> = A ds = (T — to).

Lemma 3.3. Let us consider the functiongl : [ty, 7] x IR? — IR with continuous partial derivatives
of of and 0% f
ot o 8:3’8:3
tiont, =k 0 of the intervalltp, T']. then we have,

fori =1,...,d and a one dimensional Itd Procdss; ),cr. For any time discretiza-

1).  lim Y At = L
© o nmeo &= 9t R [, Ot

k=0
2" —1
of tof tof tof
2 1 —AX X
) no00 ];) oz T amd to az asds + to xb sdWs.
2" —1 o2 2
. o°f Lo f
3). nh_)rgo 82 Atk =0- / d =0.
2"—1 42
. o°f torf
4). 35%>Z£ 5z —(AXy,)? = e ——5bzds.
WherEAtk = tpy1 — g andAth = th+1 — th.
Proof. The result 1). is trivial.
The proof for 2).
21
: of tof tof tof tof
1 AXy, = | =—dX; sds + bsd asds bsd
nﬁkg%a 0= J 9et e T ), g\ eds TEAWS) = | Frasds k| g bsdWs.

The proof for 3). consider a uniform time discretizatidn of the interval[to, 7], then we have

n;HgOZ Fan = tim (a0 [ Slas =0
-0 S
bounded

The proof for 4).

2" -1 an ) 2m —1

li 2 A2
+ lim Z Oz k

n—»o00 or2 i
—0 (lemmaB])
2" —1 »2

+ lim 2 > %atkbkatkAWtk (applying Itd isometry in L2)
k=0

—0

"L s (m Lﬂ

to 012 °°
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Lemma 3.4. Under the assumption of the lemmas above, the one dimehsiasad = m = 1 of the
[t6-Formula is given as

0 0 H?
F6X) = flto X + O{ai(SX”“Sai( X))+ 580G X)}ds (12)
+ o bS%(S,XS)dWS.

Proof. For a given discretization of the time intenviay, 7’| by ¢, = k:(Tz_,fO), define Aty = tr1 — tg;
AXy, = Xy, — Xy, andAW,, =Wy, . — W, . By using the Taylor expansion of order two, we get

2" —1
f(tht) — f(t07Xt0) + Z Af(tk’vxtk)
k=0
2n—1 2n—1 2M—1 9
of of 1 92f
= flto. X)) + 3 5 A+ Z 5 AKX+ 5 Z ooz (AXy)? (13)
k=0 k=
2n—1 agf 2 -1 52 ) 2n—1
+ Z I Aty AX wt g Z at2 Aty + kz:%)Rk. (14)

Where Ry, consists of sums of higher order partial derivativesfols a factor of(At)2, AW, (At)?,
AWy, )2At andAW;, At. Using the results of lemnia3.2, we conclude tRat= O((At)Q) and therefore

the remainder term vanish ib?. Also using the results of lemnia3.2, all terms w(tht)? vanish (at least
in L? if the increment of the Brownian motion appears.) Similangteuction could be done for the mixed
partial derivatives, which are in general factors eithe(f)? or AW;, At. Thus, all terms in[{14) vanish
in L%

121 82f 271
+3 atQ 2+ Z Rk)

2n—1
nh—n>loo( Z 8t8

The passage to the limit if_(1L3), leads to

on_1 on_1 M1 9
f(t, X)) = f(to,Xto)‘i'n@m( Z g{Atk‘F Z afAth ! Z gé(Ath) )

Sinced X; = a;dt + bydW; and using the results of lemrha3.3, the one dimensionabtadla is proved.

Example 3.1. For f(t,x) = 2::: 2 with X; = W; anda; = 0, b; = 1. By applying 1tds formula, we have:

df = g{dw tgfdtertgdeJr bffédt
= Yar law + L2l
= 8{dt+a—fdw+%%dt
- Yaw 10

Hence,
1 1
5th2 = WidW, + St
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%/de:/Wdes+%/dt

t 1
I, = / WedW, = 5(Wt2 — 1), (15)
0

and

Thus,

Note thatWW?, represents the square of the end value of the Brownian mofibus,/; will be considered
as a time process if we change the upper bound of the integriaierval.

Example 3.2. Forn > 1; f(t,z) = "1, By applying Itds formula forX; = W;, we have:

n(n+1)

AWty = (n4+ DW/dW; + 5

Wit

Hence,
‘/\tdwn:LWv’H-l_ﬁ/twn—lds
o ° n+41 ¢ 2Jo °

It is important to note that the integral of a Brownian motjmath with respect to time, represented for by
I(W;) = [{ Wds is not a stochastic integral. It represents the Area undewBian motion path/ (W;) is

a normal random variable with me&rand variancég: i.e I(W;) ~ N(0, %). (The proof is similar to the
constructions done in lemna 8.2.)

Simulation od sample path of the It6 integrall(15). The usedtion-codes to generate the procéss

dt=2 mo ~3 dt=4 o ~3

ko kN W A 0 0o N © ©
ko kN W A 0 0o N o ©

sl

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Figure 4: Simulation sample path of the Itd integral wite same number of stepé = 500.

are;

%intWdW Approximate stochastic integrals
function ito=IntWdw(t);

N = 500; dt = t/N;

R=zeros(1,N);

for j=1:N

R(j)=boxm();

end

dw = sqrt(dt) *R; % increments

W = cumsum(dW); % cumulative sum

ito =0.5 *(W(end) 2-t);
Code IntwdW.m

10
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The function 'IntWdWprocess’ recall the previous one

function Wp=IntWdWprocess(T,N);
return the process int WdwW on [0,T]
N is the number of subdivisions
the process will be ploted
dt=T/N;
Wp = zeros(1,N);
T = zeros(1,N);
for j=1:N
T(G)= *dt
Wp()=IntWdW(T(j));

end
plot(T,Wp);

Code IntWdWprocess.m

Theorem 3.3. Let us consider the functiondl : [to, 7] x IR? — IR with continuous partial derivatives

of of 4 1

3 B i fori = 1,...,d. Moreover, consider d-dimensional Itd-ProcessX;)cT, then we
have,
1 d 1 d ¢ 8f 1 d
f&, X, XE) = flto, Xips -+, Xi) + t 83(8 X5y, X9)ds (16)
0
XL, Xbdx?
+Z to aajz S ’ S) 5
z d iy
Z/tam] L XDd < X' XT >y,
2] 1
where

dX; = a'(s,Xs)ds+ > b"(s,X;)dW]  and
j=1
D b (s, Xo)bF (s, X, )ds.

k=1

d< X', X7 >,

Whel’edWide = (Sijdt, dW;dt = dtdW; = dtdt = 0.

Proof. : Similar to the one-dimensional case, only with even moragexity.

Theorem 3.4. (Partial integration)
Let us consider two one-dimensional 1td processEs)cr and (Y;);cr defined on the same probability
space

t t t t
Xt:XoJr/ a;ds+/ bldwy, Yt=Y0+/ agds+/ b2dW,.
0 0 0 0
The stochastic partial integration formula is given by
t t t
X,Y; = XoY + / X,dY, + / YidX, + / bLb2ds. 17
0 0 0

Proof. : Seel[7].

11
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Example 3.3. For X; = Y; = W, anda; = 0,b, = 1. By applying the stochastic partial integration, we get:

AW W) = WedWs + WdWs + (1)(1)ds
d(W2) 2WsdWs + ds

t t
W2 = 2 / WedW, + / 1ds
0 0

Thus,
t 1
/ WdW, = =(W2 —t).
0 2

Remark 3.2. In this remark, we call the attention of the reader to the benaf time-integral and time-
differential of a Brownian motion. Since this is nowherefeliéntiable, we use it for the time derivative in
the distributional sense of their paths. Thus, we get in baties a Gaussian stochastic processes. Explicitly,
consider a finite difference approximation&fusing a time interval of width t,

W, - W,
Eau(t) = Lerst 2
and consider the time integral
t
Zp = / Wsds,
0

representing the area under the path of the Brownian métiagn: o< s<;.
Let us summarize this relationships in the following diagra

t
1 d : . .
§(Wt2 —t) = /Wdes EWt =& Gaussian (White Noise)
0
o\ S &~ N (0,1)
Wi
/ t
BMincrementAW;, = Wy, ., — Wy, / Wsds = Z; Gaussian (Random Variable)
0
t3
AWy, ~ N (0, At;) Zy ~ \/5/\/(0, 1)

The white noise as a stationary process has the followingapties:

L Cov(€ault),€asls)) =05 Tt #s

E(a:) =0; Var(§a:) = AL

whereda,(t) ) is an approximation of the following—function: This noise is called white whenever one
talks about uncorrelated (or independent) noise at ea@h. pixhite noise is the noise signal whose power
spectrum is flat (the Fourier transform of its covariancehedwise the noise is called Colored Noise.

3.3 Multi-indices

In order to be able to define the multiple stochastic intsgnake introduce the following set of multi-
indices. Let us considen € IN andF' = {0,1,...,m}. A multi-index « refers to a row vector with
components irf' such asy = (j1,...,j;) wherej; € F,for1 <i <|I.

12
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oise Distribution

White Noise time Series White

4z

White Noise

o 100 200 300 400 500 600 700 800 900 1000 X . -0.2

Figure 5: Example of White Noise.

Colored Noise time series Colored Noise Distribution

Figure 6: Example of Colored Noise.

We denotes the size ef by [(«) := [ and byn(«) the number of zero components®f The set of all
multi-indices with respect té' is represented by

M= Flu ), (18)

=1

wherev refers to the empty multi-index with size zero. The follogiiexample gives more sense for the
definition above:

Example 3.4. Fora = (1,0, 2) it holds
() =3 and n(a)=1.
Fora = (1,0,0,2,3,1,0,0) it holds
() =8 and n(a) =4.
Forl, k € IN, we define the following operations on the multi-index set:

Definition 3.3. (” — ” operator). Forx € M with a = (41, j2, ..., 1). Forl > 1, we definen— and—a« as
follow:

a—:=(j1,J2,---,J1—1) and —a:= (Jo,..., 7).

If I(a) =1 > 1then, itimpliesl(—a) = l(a—) =1 — 1.
If I(a) =1 =1then, itimplies—a = a— = v andi(—a) = I(a—) = 0.

13
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Definition 3.4. (x operator). Let us consider = (j1, j2,...,j1), 8 = (i1,%2,...,i;) € M.
The operatok is defined as:

Oé*ﬁ = (jlvj?v"'ajl»ilai%-" azk’) and ﬁ*a = (i17i27"' 7ik7j17j27"' 7jl)'

Definition 3.5. ("-[i]” operator). Fora = (j1,j2,.-.,7;) andi € IN, the Operatior’ — [i]” represents the
”i”-times application of — ”, where the last components should be deleted:

a—[i] = {(j17j2>--->jl—i)> ?f i<l
v, ifi>1.
ltyieldsa — [i] — [j] = a —[i + j] fori,j € IN.
Example 3.5.1f a = (1,0, 2), 5 = (0,3, 1), then we have
1. —a=(0,2) anda— = (1,0),
2. axf=(1,0,2,0,3,1) andB x a = (0,3,1,1,0,2),
3.a—[1]=(L,0),a—[1]-[1]=a—[2] = (1) and(1,0,2) — [i] = v, Vi > 3.
3.4 Multiple It 6-Integrals

Throughout the following section, all stochastic processe defined on a probability spade, 2L, P)
with right continuous augmented filtratigh= (F;)¢eT-

Definition 3.6. Define the sef! as a set of stochastic proces$¢gs:>o, which are progressively adapted
to the associated filtratiof: }+>0), right continuous and the left limit exists. Conceptivebfide the sets
H,, H(O)7H(1) as follow

1. Hy:={feH:Vt>ty |f(t,w)|<oo as.},

2. Hyy = {feH:Vtzto S 1f(s,w)|ds < oo a.s.},

3. Hpyy = {f EH:Vt>ty ftto |f(s,w)|*ds < oo a.s.}.
Forj € F\ {0} one setd{(;y = H(y).

Definition 3.7. Let us considetx = (j1, j2, . . ., ji) @ multi-index and W;),>o anm-dimensional Brownian
motion. Forf € H,), multiple Ito-Integrals are defined per recursion as feto

f(t), ifl=0
Ia[f(')]to,t = ftl; Ia— [f(')]to,sd5> if { > 1 andjl =0
JE Lo [ (tosdWH, if 1> 1andgj; > 1.

hereH . is defined per recursion as

H(a) = {f € H: I(a—)[f(')]to,- € H(jl)}ﬂ (19)

forj; =0,1,....,mandl > 2.

14
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Example 3.6.
t s
Ta2)[fOltor = /t f(2)dWlaw?,
0

t "
TaanlfOlor = [ TaplfOloads

t S S1
= / / f(s2)dW,, dWZ ds.
to Jto Jto

For simplification, we will use the following notation
It = In[1]o; andWy = t.

Recall that the Kronecker symbéffor j;, , ji, = 0,1, ..., [. is defined by

Si . 1 if jil = ji27
Fodiz 0 else.

Theorem 3.5. Let us considet € IN anda = (j1, ..., ji) € M. Fort > 0, we have

l

Gt t—ZI e Gisnaint T D Bigid ot )s0,gis1, i)t (20)
=1

Wherijji = 6j,ji(1 — 50,]').
Proof. By using partial integration, we get:

ATy ilas) = Iyedag) + Laad(Iye) + (1= 60,) Lo dWi dW"
= I()ad(Tag) + Togd(I) o) + (1= 80,7)0;5, Lo dt
= 1) d(lay) + Lagd(I(j)p) + Bjjla—dt
- I(j)7t)Ia—7tdel + Lad(I(jy) + Bjjla— dt.

For simplification, let us define the termﬂét = I(j),t1at fOr a € M, we obtain

, ¢ ¢ , t
A, = /0 Tpsdl(j + /0 Iy sl s W3 + By, /0 Lo .ods
t . t . .
_ /0 LosdW9 + /0 Al AW+ By Lo e
t . .
= as(g)e + /0 Al .5 + Bjjid(a—1))x(0) -

Per induction ovet in « in Ai—[l],t

Ay = laagya+ / Lo 1)), AW + / / Aja 2]) 1 1dW§; Ldw
+Bjj,_, /0 Lo 20t 9WE + Bjji T (o [1))+(0).t

t rs;
— J
= Loui)t H a1t /0 /0 Alpsi  AWa AW

+Bjji i L(a—[2)+(0,5,).t T Bjgid(a—[1))+(0),¢

15
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Now the same procedure will be appliedAga_ 2)).s1 1 We get:
), -1

. s2 . . .
Aja,t = ZI(Q (=i)*(J,Jit1,d1), / / /0 Aja—[l})7sldwg1l"'dws]ll

Z .].]l [l 7'+1) (Oyji+l7"'7jl)7t'

Note that

Al = s La-mya = gy Tos = Iy = /0 AW

hence, we have
t ps s2 . ) .
I(a_[l])*(]Jh 7jl)7t = /0 A e /0 A‘Za_[l])’sldwgll s dm/l]l

t s 52 s1 . . .
= // / / dWsdeSJf---dVVl]l.
0 Jo 0o Jo

by replacing[(Zll) and (22) ih_(21), we obtain(20). Thus, weiexe the proof of the theorem.

(21)

(22)

The following corollary gives a clear idea about an interngstlass of multiple stochastic integrals

Corollary 3.1. Considerl,j € IN anda = (4,7, ..., j) with [(«) = [. It holds:
_[at - % . for j - 07
7 TWi Ty —tlh ) for j>1.
Proof. From theorenm 3]%B, o = 0) it follows

tlow = Toyilar = D Lo f-d)xGujisrit)
=0

l
= > T.0,...0)
=0 ——

(I+1)—times

tl+1
The length of the multi-index(cc — [l — 4]) * (4, jix1,- -+ ,71)) iS determined by:
l((Oé— [l_l])*(jm]l-i-la 7jl)) = l(a_[l_z])—’_l((jm]l-i-la 7jl))

I— (=) +1+(1—1)
= [+ 1.
From (23), we gef,, ; = % Forj > 1ityields B;; = 1. Moreover,

Ijyalo—t = ZI () +ZI< O i 1)
=0 l times
- 7)] +ZI [l_Z+ ])*(07]77])
l times size=(1—1)
- 7"')] +ZI [l_Z])*(07]77])

l times size=(1—1)

16
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Using theoren 315 fof = 0, it follows

Loy ila—pe = tla—j2)4
-1

= 2 (@) =2 ==+ (0.5, j) (25)

i=1

size=(l—1)

From [24) and[(25) it follows:

g iae =t )
——

(l)—times

+ tIa—[Q},t'

thus :
L, ) = 7Hoada—t = tlapaye)
——r
l—times

Lemma 3.5. We have the following values of the multiple stochastic gn#ds for the special case =

Ljpe = é(fu),t%(@)m — 1)~ tl).) = %(If}»t ~3tl(5).4). (26)
It = %(I@M — Gt} + 3t7), (27)
Ijiiie = %(I(g’j)i — 10LL,) , + 1582 ), (28)
Tgiiie = é([@w — 15LI) , + 451203, — 15t%), (29)
I iiiiie = %(Ié)i = 21410y, + 105217, — 1056 ). (30)
Proof. Note that, sincéj, j) — [2] = v, we have
Iipne = %(I(Qj)ﬁt —t) = %((Wtjy _ t). (31)

The proof of the other multiple integrals is left to the reafiese Corollary 3]1).

Remark 3.3. The following stochastic integral

t rs1 . )
I(j1,j2)to,t = / dWsjldWsjfy
to Jto
WhereI/th1 anthj2 are two independent Brownian motions can not be evaluatectig)so approximations
must be used to estimate it. Some proposed approximatidd beufound in literature, for instance inl[4],
one can use the direct expansion of the variation of the @owipégral. However, in 5], the use of the
periodic concept of Brownian Bridge and the Fourier serigegyanother approximation method. One of
the useful approximation is a direct evaluation of the \tamagiven by:

« m=1l it ) ) m—1 ) . . )
o= [ [awpaws =S ove -wpoe, -wgy e
=0 g =0

wheret! is a time discretization of the time intervia, t].

One of the interesting open questions is that: Can we find raccaracy formula for approximation
I (1 2)+ by using the class of multiple stochastic integrgls,) ; and(, 5 ,? More difficult types of multiple
stochastic integrals arg, ;, where at least tow components @f j; andj, are disjunct. These integrals
can not be analyzed in a similar way as fowith the same components. However, it is more difficult and
interesting to determine an explicit formula for approxim@ their numerical behaviors.

17
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3.5 Simulation of a class of multiple 16 Integrals

Let « be chosen according to corolldry B.1. Consider an equittistiacretization of the intervad, 1].
The path of the stochastic integrals are generated,pand by using linear interpolation the generated
trajectory is a continuous one. The stochastic pdihs [@®)-$how simulation of multiple It6-Integrals:
with step sizeA = Wlo The reader will observe that the time series behavior ohtld#iple stochastic
integrals, withae = (1,...,1) € M have the same behavior. Furthermore, according to our atron$ of
these stochastic processes, they cannot have similaribelathe Gaussian. One of the reasons for this
dilemma is that for larger size of the multi-index iléx;) > [(a2) the amplitude of the corresponding time
series has smaller values. See fiddre 7. In all figures bell@wemark the Colored-Noise behavior of the
stochastic integral,. We also left the attention of the reader to the increasimg tlependent amplitude.

3.5 T T T T T T T T T 1.2
3 1k
251 T 0.8
o — 0.6
=
=
15 — 0.4r
—
=
1r 0.2
0s 0 WWMWWWWVWN
o 0.2
_o0s . . . . . . . h A _0.4 . . . .
o 50 100 150 200 250 300 350 400 450 500 [¢) 0.2 0.4 0.6 0.8 1
t t
0.2 0.04

o

I(1,1,1,1,1),t

-0.02f
| -0.04
-0.06
-0.15 -0.08
o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t t
0.015 0.01
0.005
0.01
o A
0.005 =
~ —0.005
-
-
o — -0.01f
—
1
<7 —0.015f
-0.005 _=
-0.02f
-0.01f
-0.025}
-0.015 . . . . -0.03 - - - -
o 0.2 0.4 0.6 0.8 1 o 100 200 300 400 500
t t

Figure 7: Paths of multiple integral processes for differer M.
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This following code generates one valuelgf, ), using500—time iterations

% int3dW.m Approximate stochastic integrals

% return the value of the multiple stoch. int. for (1,1,1) on | 0,t]
% enter the integral upper bound t

function x=Int3dW(t);

N = 500; dt = t/N;

R=zeros(1,N);

for j=1:N

R(j)=boxm();

end

dw = sqrt(dt) *R;

W = cumsum(dw);

% compute the valute of the integral

% based on the upper bound and the end value of the BM.
r=W(end);

X =(r'3-3 *t=*r)/6;

Code Int3dW.m
The following code generates the procégs, ;) in N—time iterations

function Wp=Int3dWprocess(T,N);
dt=T/N;
Wp = zeros(1,N);
T = zeros(1,N);
for j=1:N
T()=j dg
Wp(j)=Int3dW(T()));
end
plot(T,Wp);

Code Int3dWprocess.m

4 Concluding Remarks

In this work we have made a contribution to the subject of aaaional stochastics. We have, proved
the recurrence relationship for the class of stochastegials, where the multi-index has the same com-
ponents. In several examples, we have shown the graphibavioe of such processes. Furthermore, we
have introduced the reader to many techniques and operiangesthe numerical approach presented here,
could be employed for the treatment of many processes defiven the Brownian motion. In particular,
we have simulated the time-integral and the time-diffeabraf the Brownian motion. Consequently, we
have clearly illustrated the difference between the tirakavior of the area under the path of Brownian
motion and the behavior of white noise. This paper, is a gemew of the stochastic integration, which is
intended to motivate graduate students and also youngroesean the topics of computational stochastics.
Therefore, we have included in it interesting matlab codlgs.our intention for the future to finish similar
work on stochastic differential equations (SDEs) and sietib partial differential equations (SPDES).
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