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Abstract. Mixed multiple stochastic integrals for independent Brownian motions, can not be explicitly approximated.

However, integrating a time dependent process in the stochastic sense, namely with respect to the associated Brownian

motion, leads to interesting analytical and numerical facts and studies. The main concern of this paper is to provide

a recurrence formula (theorem 3.5) for simulating a class ofmultiple It stochastic integrals, which possess a behavior

similar to the Gaussian colored noise. Moreover, it contains a numerical analysis, in a review style, of the time-

integral and time-differential, in the distributional sense, of the non-differentiable time dependent Brownian motion.

All Matlab codes used in the numerical algorithms are also listed.

Keywords: Brownian motion; multidimensional Itô formula; multiple stochastic integrals; Colored Noise; White

Noise.

AMS Subject Classifications: 35R60, 35K57, 60H15, 65L06

1 Introduction

Early in 1944 and 1951, Itô K. published the first meaningfulanalysis for Wiener multiple stochastic
integrals [9, 10]. Later the works of Wong and Zakai [18, 22],gave a more explicit analysis to these
topics. These are necessary tools for solving either stochastic differential equations (or systems) (SDEs)
[5, 6, 19, 23] or solving evolutionary partial differentialequations with uncertainties [16, 15, 17, 20, 21],
especially in Finance, Physics, Biology, etc...[12, 14, 2,11, 1, 13].

The purpose of this work is to provide an introduction to computational stochastics for numerical in-
tegration and simulation of a class of multiple Itô integrals. Instead of attempting to describe the largest
possible class of stochastic integrals, we will only singleout a class of these processes. Where, we show
some graphical similarities to the Gaussian Colored Noises. Moreover, because the aim is the application of
such integrals, much more emphasis is put into analysis of the theoretical and computational properties of
multiple stochastic integrals with respect to a Brownian motion. Here, we present interesting technics to be
used and developed by master students and young researchers. From a pedagogical point of view, the pur-
pose of these notes is to provide an intuitive understandingin what multiple stochastic integral and clearly
set out the difficulties for this type of calculus. For a deep analytical theory we would refer the reader to the
books of Karatzas and Shreve (1991), Kloeden and Platen (1992) [5] andØksendal (1985, 2003) [8]. The
present work could link the attention of Finance and Mathematics Master students or also Ph.D candidates
to improve their Knowledge of Computational Stochastics. Therefore, in the same context this work will be
completed by two other works, namely numerical methods for SDEs and numerical methods for SPDEs.

This paper is structured as follows: The second section consists of a numerical construction of normal
distributed random numbers using the famous method of the Box Müller. We also state the computational
aspect of the Brownian motion and some related processes. Inthe third section, we will prove the main
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theorem (Theroem 3.5 and Corollary 3.1) for the construction the Colored-Noise-like multiple stochastic
integrals. With some interesting remarks and open questions, we achieve the results of this paper.

2 Numerical Simulation of the Brownian Motion

The stochastic calculus is in general based on the Brownian motion process. This was first discovered
by the Scottish botanist Robert Brown in 1827. The notion that the increments of the Brownian motion
are normally distributed is the source of immense scientificresults, either in stochastic analysis or in the
interpretation of physical, biological, econometric models. In the following, we will focus our study on the
behavior of some derived processes, namely the time-integral and time differential of the Brownian motion
in the distributional sense. For more properties of the Brownian motion, we refer the reader to [3].

2.1 The Brownian Motion

Definition 2.1. A one-dimensional Brownian motion (also called standard Wiener process) is a real-valued
stochastic process{Wt}t≥0 indexed by nonnegative real numberst with the following properties:

i. W0 = 0.

ii. With probability 1, the functiont 7−→ Wt is continuous int.

ii. The process{Wt}t>0 has stationary, independent increments.

iv. The incrementWt − Ws is normally distributed with mean zero and variancet − s i.e

Wt − Ws ∼
√

t − sN (0, 1), for all t > s.

A Wiener process with initial valueW0 = x0 is achieved by addingx0 to a standard Wiener process.
The term independent increments means that for every choiceof nonnegative real numbers0 ≤ s1 < t1 ≤
s2 < t2 ≤ · · · ≤ sn < tn < ∞, the random variables (Wiener increments)

Wt1 − Ws1 , Wt2 − Ws2 , . . . , Wtn − Wsn

are pairwise independent. The stationary increments meansthat the distribution of the incrementWt+s −Ws

has the same distribution asWt − W0 = Wt, for any0 < s, t < 1

In general, a stochastic process with stationary, independent increments is called a Levy process. More-
over, It should not be obvious that properties 1.4. in the definition of a standard Brownian motion are
mutually consistent, so it is not a priori clear that a standard Brownian motion exists. That it does exist was
first proved by N. Wiener in about 1920. His proof was simplified by P. Levy. The compatibility of the
properties 3. and 4. follows directly from elementary properties of the normal distributions: IfX andY

are independent, normally distributed random variables with meansµX ; µY and variancesσ2
X ; σ2

Y , then the
random variableX + Y is normally distributed with meanµX + µY and varianceσ2

X + σ2
Y .

The random functionW : [0, 1] → IR is continuous but nowhere differentiable (almost surely),the
proof was early given by Paley, Wiener and Zygmund in 1933. This is particularly interesting, as it is not
easy to construct a continuous, nowhere differentiable function without the help of randomness.

One of the interesting interpretations of the Brownian motion is the relationship to the random walk,
namelyWt could be interpreted as a limit of symmetric random walks. Let us consider a subdivision of the
interval

[
0, ∞)

into subintervals of lengthδ. Each subinterval corresponds to a time slot of lengthδ. Thus,
the intervals are

(
0, δ
]
,
(
δ, 2δ

]
,
(
2δ, 3δ

]
, . . .. where thekth subinterval is

(
(k − 1)δ, kδ

]
. Furthermore, we

define the symmetric random variablesXi, for i ∈ IN as follows:

P
(

Xi =
√

δ
)

= P
(

Xi = −
√

δ
)

=
1

2
.

2
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It is easy to see thatXi’s are independent andE[Xi] = 0; V ar(Xi) = δ. Define the processWt as follows:
SetW0 = 0 and at timet = nδ define the value ofWt by Wt = Wnδ =

∑n
i=1 Xi. SinceWt is the sum of

n i.i.d. random variables,E[Wt] = 0 andV ar(Wt) = t. For anyt ∈ (0, ∞), by the passage to the limit
for largen, δ tends to zero and by using the central limit theorem,Wt will be a normal distributed random
variable with mean0 and variancet. Moreover, SinceXi arei.i.d, we conclude thatWt has independent
stationary increments. And by this way, the above method leads to the construction of a process with
continuous sample paths ( i.e.,Wt is a continuous function of t) nowhere differentiable. Thisare called
the standard Brownian motion or the standard Wiener process. Moreover, even if the differentiability is not
satisfied, one of the most interesting processes is the Gaussian White Noiseξ(t) = dWt/dt, defined as the
time-derivative in the distributional sense of the Brownian motion.

2.2 Construction of normally distributed numbers

One of the most useful methods for generating random numberswith a normal distribution is the Box-
Müller transform, which was suggested by George Edward Pelham Box and Mervin Edgar Müller (1958).
Altogether, the Box-Müller method takes independent standard uniform random variablesU1 andU2 and
produces independent standard normalsX1 andX2 using the formulas:

θ = 2πU1, R =
√

−2 ln(U2), X1 = R cos(θ), X2 = R sin(θ). (1)

In other words from two random numbersu1 , u2 ∈ (0, 1] (generated by a uniform distribution), we produce
two independent standard normally distributed numbersn1 andn2, namely:

n1 =
√

−2 ln(u1) cos(2πu2), n2 =
√

−2 ln(u1) sin(2πu2). (2)

It has been proven that the random variablesX1 andX2 are independent, given that they use the sameR

andθ. The independence property is analytically and computationally satisfied.
The Box-Müller Matlab code is given by:

function x=boxm();

%return a uniform normally distributed number x

u1=rand;

u2=rand;

x=sqrt(-2 * log(u1)) * cos(2 * pi * u2);

code 1: boxm.m
To generate the histograms above use the following code:

function H=NormalDist(n);

% return a histogram of a uniform normal distribution

% n is the number of ND random numbers

X=zeros(1,n);

for i=1:n

u1=rand;

u2=rand;

X(i)=sqrt(-2 * log(u1)) * cos(2 * pi * u2);

end

hist(X,50);

Code 2: NormalDist.m

3
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Figure 1: Histogram of the random numbers generated by the Box-Muller method.

2.3 Simulation of the Brownian Motion

Consider the upper time boundT ∈ IR+ and let0 = t0 < t1 < . . . < tN = T be an equidistant
Discretization of the time Interval[t0, T ], i.e. tk = k∆ with ∆ = T

N
. Per definition of the Brownian motion,

the increments arei.i.d and normally distributed. Moreover, it yields
(
Wtk+1

− Wtk

)

√
∆t

∼ N (0, 1).

To simulate the paths of Brownian motion, the valuesWtk
∀k = 0, 1, . . . , N are per recursion obtained, and

by using linear interpolation one can compute the value ofWt for all t ∈]tk, tk+1[.
The matlab code for generating the path of a Brownian motion is:

function W=BrownianMotion(dt);

% this code generates a Brownian motion path

% dt time step size

% the path of the BM will be showed in the time interval [0,1]

N=round(1/dt);

W = zeros(1,N);

T = zeros(1,N);

W(1)=0;

T(1)=0;

for j=1:N

T(j+1)=j * dt;

W(j+1)=W(j)+sqrt(dt) * boxm();

end

plot(T,W);

Code 3: BrownianMotion.m
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Figure 2: Brownian Motion for different time-step on the time interval[0, 1].
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Figure 3: Planar Brownian Motions for different time-stepson the time interval[0, 1].
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3 Simulation of a class of Multiple Stochastic Integrals

The main concern of this section is to define and simulate a class of multiple stochastic integrals in the
sense of Itô. In this way, we deal with continuous (time-parameter) stochastic processZt(·) adapted to a
filtration Ft progressively measurable, i.eZt(w) is Bt ×Ft measurable for all Borelσ-field Bt on [0, t]. For
instance, all processes with continuous sample paths are progressively measurable.

3.1 Itô-Integral

Let us considerT ∈ T and(Ω,A, P ) a probability space with a FiltrationF = (Ft)t∈[0,T ]. We define the
setΛT of square-integrableFt-adapted process (SIASP). Throughout this paper, the filtration F0 contains
the sets with measure zero andFt is right continuous in time. In this case,Ft will be called a right continuous

augmented filtration. In the following, we will use the norm‖Zt‖ΛT
=
(

IE
( ∫ T

0 Z2
s ds

))
1
2 .

Definition 3.1. ForZ ∈ ΛT , the the Itô integral with respect to the Brownian motion isdefined as

I[Z]0,t :=

∫ t

0
ZsdWs = lim

N→∞
I(N)[Z]0,t, (3)

where

I(N)[Z]0,t =
N∑

k=1

Z
t
N,l

k−1
(W

t
N,l

k

− W
t
N,l

k−1
), (4)

andτ l
N = {tN,l

k : k = 0, . . . , N und l ∈ IN} is a sequence of discretizations of the time interval[0, t]. The
limit (3) is a mean square limit of random variables, i.e, it holds

lim
N→∞

IE(I[Z]0,t − I(N)[Z]0,t)
2 = 0. (5)

Theorem 3.1. The limit (5) exists inL2(P ) and is unique for allt ∈ [0, T ].

Proof. see [8].
The Itô integral satisfies the following properties:

Lemma 3.1. [Linearity]
Consider(Z(1)

t )t∈T, (Z
(2)
t )t∈T ∈ ΛT andK1, K2 ∈ IR. For

I[Z(1)]0,t =

∫ t

0
Z(1)

s dWs and I[Z(2)]0,t =

∫ t

0
Z(2)

s dWs,

it holds

I[K1Z(1) + K2Z(2)]0,t =

∫ t

0
(K1Z(1)

s + K2Z(2)
s )dWs = K1I[Z(1)]0,t + K2I[Z(2)]0,t (6)

Proof. The proof of (6) follows directly from the Definition 3.1.

Remark 3.1. It is important to note that, the linearity discussed in lemma 3.1 required the integration with
respect to the same Brownian motionWt. Therefore, for

I[Z(1)]0,t =

∫ t

0
Z(1)

s dW 1
s and I[Z(2)]0,t =

∫ t

0
Z(2)

s dW 2
s , (7)

the linearity property of the Itô integral is not true.

Theorem 3.2. For (Zt)t∈T ∈ ΛT , 0 < s < t it holds,

6
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[Martingale]
IE(I[Z]0,t|Fs) = I[Z]0,s. (8)

[It ô Isometry]

IE[(I[Z]0,t)
2] = IE

∫ t

0
Z2

udu. (9)

[Continuity of It] It exists a continuous processht such that

P (ht = I[Z]0,t) = 1 ∀t, 0 ≤ t ≤ T. (10)

Proof. See [8] page 32ff.

3.2 Higher order It ô-Formula

One of the main concerns of the Stochastic Calculus is the newconcept of differentiability. For instance,
we know that the path of a Brownian motion is continuous but nowhere differentiable and in order to define a
stochastic differential equation and integrals, we have tointroduce the notion of stochastic differentiability.
The central result is the Itô-Formula, which leads to a new definition of differential equation and a new
concept of Taylor expansion. A process satisfying a stochastic differential equation (SDE) in the sense of
Itô, will be called an Itô process.

Definition 3.2. Let (Wt)t∈T be anm-dimensional Brownian motion defined on a(Ω,A)m with right con-
tinuous augmented filtrationF = (Ft)t∈T. The process(X1

t . . . , Xd
t ) is called Itô Processes, if and only if it

has the following form

Xi
t = Xi

t0
+

∫ t

t0

ai
sds +

m∑

j=1

∫ t

t0

bi,j
s dW j

s ; i = 1, . . . , d; j = 1, . . . , m (11)

where for alli, j; (ai
t)t∈T, (bi,j

t )t∈T areFt adapted,
∫ T

t0
ai

sds < ∞ and
∫ T

t0
(bi,j

s )2ds < ∞ a.s.

Lemma 3.2. Consider a one dimensional Brownian motion and a non-necessary uniform time discretization
tk = k T −t0

2n of the interval[t0, T ]. Then we have,

1). lim
n→∞

2n−1∑

k=0

(∆tk)2 = lim
n→∞

2n−1∑

k=0

∆tk∆Wtk
= lim

n→∞

2n−1∑

k=0

∆Wtk
∆tk = 0.

2). lim
n→∞

2n−1∑

k=0

(∆Wtk
)2 =

∫ T

t0

ds = (T − t0). (Convergence inL2)

where∆tk = tk+1 − tk and∆Wtk
= Wtk+1

− Wtk
.

Proof. The proof for 1). follows from the construction bellow:

lim
n→∞

2n−1∑

k=0

(∆tk)2 ≤ lim
n→∞

max
k

(∆tk)
2n−1∑

k=0

∆tk = lim
n→∞

max
k

(∆tk)

∫ T

t0

dt = 0

For the term 2). with the Brownian motion, we have

0 = lim
n→∞

min
k

(∆tk)

∫ T

t0

dWs ≤ limn→∞
∑2n−1

k=0 ∆tk∆Wtk
≤ lim

n→∞
max

k
(∆tk)

∫ T

t0

dWs = 0 = 0.

7
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Since∆Wtk
are i.i.d and normally distributed with mean zero and variance∆tk and by using the strong law

of large numbers the following convergence inL2 is true:

lim
n→∞

2n−1∑

k=0

(∆Wtk
)2 =

(

lim
n→∞

2n−1∑

k=0

∆tk

)

=

∫ T

t0

ds = (T − t0).

Lemma 3.3. Let us consider the functionalf : [t0, T ] × IRd → IR with continuous partial derivatives
∂f

∂t
,

∂f

∂xi
and

∂2f

∂xi∂xj
for i = 1, . . . , d and a one dimensional Itô Process(Xt)t∈T. For any time discretiza-

tion tk = k
T − t0

2n
of the interval[t0, T ]. then we have,

1). lim
n→∞

2n−1∑

k=0

∂f

∂t
∆tk =

∫ t

t0

∂f

∂t
ds

2). lim
n→∞

2n−1∑

k=0

∂f

∂x
∆Xtk

=

∫ t

t0

∂f

∂x
dXs =

∫ t

t0

∂f

∂x
asds +

∫ t

t0

∂f

∂x
bsdWs.

3). lim
n→∞

2n−1∑

k=0

∂2f

∂t2
(∆tk)2 = 0 ·

∫ t

t0

∂2f

∂t2
ds = 0.

4). lim
n→∞

2n−1∑

k=0

∂2f

∂x2
(∆Xtk

)2 =

∫ t

t0

∂2f

∂x2
b2

sds.

where∆tk = tk+1 − tk and∆Xtk
= Xtk+1

− Xtk
.

Proof. The result 1). is trivial.
The proof for 2).

lim
n→∞

2n−1∑

k=0

∂f

∂x
∆Xtk

=

∫ t

t0

∂f

∂x
dXs =

∫ t

t0

∂f

∂x
(asds + bsdWs) =

∫ t

t0

∂f

∂x
asds +

∫ t

t0

∂f

∂x
bsdWs.

The proof for 3). consider a uniform time discretization∆t of the interval[t0, T ], then we have

lim
n→∞

2n−1∑

k=0

∂2f

∂t2
(∆tk)2 = lim

n→∞
(∆t)
︸ ︷︷ ︸

→0

·
∫ t

t0

∂2f

∂t2
ds

︸ ︷︷ ︸

bounded

= 0

The proof for 4).

lim
n−→∞

2n−1∑

k=0

∂2f

∂x2
(∆Xtk

)2 = lim
n−→∞

2n−1∑

k=0

∂2f

∂x2
b2

tk
∆W 2

tk

+ lim
n−→∞

2n−1∑

k=0

∂2f

∂x2
a2

tk
∆tk

2

︸ ︷︷ ︸

−→0 (lemma 3.2)

+ lim
n−→∞

2
2n−1∑

k=0

∂2f

∂x2
atk

b2
tk

∆tk∆Wtk

︸ ︷︷ ︸

−→0

(

applying Itô isometry in L2
)

=

∫ t

t0

∂2f

∂x2
b2

sds.
(

in L2
)

8
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Lemma 3.4. Under the assumption of the lemmas above, the one dimensional cased = m = 1 of the
Itô-Formula is given as

f(t, Xt) = f(t0, Xt0) +

∫ t

t0

{

∂f

∂s
(s, Xs) + as

∂f

∂x
(s, Xs) +

1

2
b2

s

∂2f

∂x2
(s, Xs)

}

ds (12)

+

∫ t

t0

bs
∂f

∂x
(s, Xs)dWs.

Proof. For a given discretization of the time interval[t0, T ] by tk = k (T −t0)
2n , define∆tk = tk+1 − tk;

∆Xtk
= Xtk+1

− Xtk
and∆Wtk

= Wtk+1
− Wtk

. By using the Taylor expansion of order two, we get

f(t, Xt) = f(t0, Xt0) +
2n−1∑

k=0

∆f(tk, Xtk
)

= f(t0, Xt0) +
2n−1∑

k=0

∂f

∂t
∆tk +

2n−1∑

k=0

∂f

∂x
∆Xtk

+
1

2

2n−1∑

k=0

∂2f

∂x2
(∆Xtk

)2 (13)

+
2n−1∑

k=0

∂2f

∂t∂x
∆tk∆Xtk

+
1

2

2n−1∑

k=0

∂2f

∂t2
(∆tk)2 +

2n−1∑

k=0

Rk. (14)

WhereRk consists of sums of higher order partial derivatives off as a factor of(∆t)2, ∆Wtk
(∆t)2,

∆(Wtk
)2∆t and∆Wtk

∆t. Using the results of lemma 3.2, we conclude thatRk = O
(

(∆t)2
)

and therefore

the remainder term vanish inL2. Also using the results of lemma 3.2, all terms with(∆t)2 vanish (at least
in L2 if the increment of the Brownian motion appears.) Similar construction could be done for the mixed
partial derivatives, which are in general factors either of(∆t)2 or ∆Wtk

∆t. Thus, all terms in (14) vanish
in L2:

lim
n−→∞

( 2n−1∑

k=0

∂2f

∂t∂x
∆tk∆Xtk

+
1

2

2n−1∑

k=0

∂2f

∂t2
(∆tk)2 +

2n−1∑

k=0

Rk

)

= 0.

The passage to the limit in (13), leads to

f(t, Xt) = f(t0, Xt0) + lim
n−→∞

( 2n−1∑

k=0

∂f

∂t
∆tk +

2n−1∑

k=0

∂f

∂x
∆Xtk

+
1

2

2n−1∑

k=0

∂2f

∂x2
(∆Xtk

)2
)

.

SincedXt = atdt + btdWt and using the results of lemma 3.3, the one dimensional Itô formula is proved.

Example 3.1. Forf(t, x) = 1
2x2 with Xt = Wt andat = 0, bt = 1. By applying Itôs formula, we have:

df =
∂f

∂t
dt + at

∂f

∂x
dt + bt

∂f

∂x
dW +

1

2
b2

t

∂2f

∂x2
dt

=
∂f

∂t
dt + (1)

∂f

∂x
dW +

1

2
(1)2 ∂2f

∂x2
dt

=
∂f

∂t
dt +

∂f

∂x
dW +

1

2

∂2f

∂x2
dt

=
∂f

∂x
dW +

1

2

∂2f

∂x2
dt

Hence,
1

2
dW 2

t = WtdWt +
1

2
dt

9
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and
1

2

∫

dW 2
s =

∫

WsdWs +
1

2

∫

dt

Thus,

It =

∫ t

0
WsdWs =

1

2
(W 2

t − t), (15)

Note thatW 2
t , represents the square of the end value of the Brownian motion. Thus,It will be considered

as a time process if we change the upper bound of the integration interval.

Example 3.2. Forn > 1; f(t, x) = xn+1. By applying Itôs formula forXt = Wt, we have:

d(W n+1
t ) = (n + 1)W n

t dWt +
n(n + 1)

2
W n−1

t dt

Hence,
∫ t

0
dW n

s =
1

n + 1
W n+1

t − n

2

∫ t

0
W n−1

s ds

It is important to note that the integral of a Brownian motionpath with respect to time, represented for by
I(Wt) =

∫ t
0 Wsds is not a stochastic integral. It represents the Area under Brownian motion path,I(Wt) is

a normal random variable with mean0 and variancet3

3 : i.e I(Wt) ∼ N(0, t3

3 ). (The proof is similar to the
constructions done in lemma 3.2.)

Simulation od sample path of the Itô integral (15). The usedfunction-codes to generate the processIt

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−1

0

1

2

3

4

5

6

7

8

9

t

I t

dt=2 ⋅ 10 −3

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−1

0

1

2

3

4

5

6

7

8

9

t

I t

dt=4 ⋅ 10 −3

Figure 4: Simulation sample path of the Itô integral with the same number of stepsN = 500.

are:

%intWdW Approximate stochastic integrals

function ito=IntWdW(t);

N = 500; dt = t/N;

R=zeros(1,N);

for j=1:N

R(j)=boxm();

end

dW = sqrt(dt) * R; % increments

W = cumsum(dW); % cumulative sum

ito =0.5 * (W(end)ˆ2-t);

Code IntWdW.m

10
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The function ’IntWdWprocess’ recall the previous one

function Wp=IntWdWprocess(T,N);

return the process int WdW on [0,T]

N is the number of subdivisions

the process will be ploted

dt=T/N;

Wp = zeros(1,N);

T = zeros(1,N);

for j=1:N

T(j)=j * dt;

Wp(j)=IntWdW(T(j));

end

plot(T,Wp);

Code IntWdWprocess.m

Theorem 3.3. Let us consider the functionalf : [t0, T ] × IRd → IR with continuous partial derivatives
∂f

∂t
,

∂f

∂xi
and

∂2f

∂xi∂xj
for i = 1, . . . , d. Moreover, consider ad-dimensional Itô-Process(Xt)t∈T, then we

have,

f(t, X1
t , . . . , Xd

t ) = f(t0, X1
t0

, . . . , Xd
t0

) +

∫ t

t0

∂f

∂s
(s, X1

s , . . . , Xd
s )ds (16)

+
d∑

i=1

∫ t

t0

∂f

∂xi
(s, X1

s , . . . , Xd
s )dXi

s

+
1

2

d∑

i,j=1

∫ t

t0

∂2f

∂xixj
(s, X1

s , . . . , Xd
s )d < Xi, Xj >s,

where

dXi
t = ai(s, Xs)ds +

m∑

j=1

bi,j(s, Xs)dW j
s and

d < Xi, Xj >s =
m∑

k=1

bi,k(s, Xs)bj,k(s, Xs)ds.

wheredWidWj = δijdt, dWidt = dtdWi = dtdt = 0.

Proof. : Similar to the one-dimensional case, only with even more complexity.

Theorem 3.4. (Partial integration)
Let us consider two one-dimensional Itô processes(Xt)t∈T and(Yt)t∈T defined on the same probability

space

Xt = X0 +

∫ t

0
a1

sds +

∫ t

0
b1

sdWs, Yt = Y0 +

∫ t

0
a2

sds +

∫ t

0
b2

sdWs.

The stochastic partial integration formula is given by

XtYt = X0Y0 +

∫ t

0
XsdYs +

∫ t

0
YsdXs +

∫ t

0
b1

sb2
sds. (17)

Proof. : See [7].

11
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Example 3.3. ForXt = Yt = Wt andat = 0, bt = 1. By applying the stochastic partial integration, we get:

d(WtWt) = WsdWs + WsdWs + (1)(1)ds

d(W 2
t ) = 2WsdWs + ds

W 2
t = 2

∫ t

0
WsdWs +

∫ t

0
1ds

Thus,
∫ t

0
WsdWs =

1

2
(W 2

t − t).

Remark 3.2. In this remark, we call the attention of the reader to the behavior of time-integral and time-
differential of a Brownian motion. Since this is nowhere differentiable, we use it for the time derivative in
the distributional sense of their paths. Thus, we get in bothcases a Gaussian stochastic processes. Explicitly,
consider a finite difference approximation ofξt using a time interval of width t,

ξ∆t(t) :=
Wt+∆t − Wt

∆t

and consider the time integral

Zt :=

∫ t

0
Wsds,

representing the area under the path of the Brownian motion{Ws}0≤s≤t.
Let us summarize this relationships in the following diagram:

1

2
(W 2

t − t) =

t∫

0

WsdWs
d

dt
Wt = ξt Gaussian (White Noise)

↖ ↗ ξt ∼ 1√
∆t

N (0, 1)

Wt

↙ ↘
BM increment∆Wti

= Wti+1 − Wti

∫ t

0
Wsds = Zt Gaussian (Random Variable)

∆Wti
∼ N (0,

√
∆ti) Zt ∼

√

t3

3
N (0, 1)

The white noise as a stationary process has the following properties:

IE(ξ∆t) = 0; V ar(ξ∆t) =
1

∆t
; Cov

(

ξ∆t(t), ξ∆s(s)
)

= 0; if t 6= s

whereδ∆t(t) ) is an approximation of the followingδ−function: This noise is called white whenever one
talks about uncorrelated (or independent) noise at each pixel. White noise is the noise signal whose power
spectrum is flat (the Fourier transform of its covariance). Otherwise the noise is called Colored Noise.

3.3 Multi-indices

In order to be able to define the multiple stochastic integrals, we introduce the following set of multi-
indices. Let us considerm ∈ IN andF = {0, 1, . . . , m}. A multi-index α refers to a row vector with
components inF such asα = (j1, . . . , jl) whereji ∈ F , for 1 ≤ i ≤ l.

12
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0 100 200 300 400 500 600 700 800 900 1000
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1
White Noise time Series

t

W
hi

te
 N

oi
se

−0.6 −0.4 −0.2 0 0.2 0.4 0.6

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

White Noise Distribution

Figure 5: Example of White Noise.
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Figure 6: Example of Colored Noise.

We denotes the size ofα by l(α) := l and byn(α) the number of zero components ofα. The set of all
multi-indices with respect toF is represented by

M =
∞⋃

l=1

F l ∪ {v}, (18)

wherev refers to the empty multi-index with size zero. The following example gives more sense for the
definition above:

Example 3.4. Forα = (1, 0, 2) it holds

l(α) = 3 and n(α) = 1.

Forα = (1, 0, 0, 2, 3, 1, 0, 0) it holds

l(α) = 8 and n(α) = 4.

For l, k ∈ IN , we define the following operations on the multi-index set:

Definition 3.3. (” − ” operator). Forα ∈ M with α = (j1, j2, . . . , jl). For l ≥ 1, we defineα− and−α as
follow:

α− := (j1, j2, . . . , jl−1) and − α := (j2, . . . , jl).

If l(α) = l > 1 then, it impliesl(−α) = l(α−) = l − 1.
If l(α) = l = 1 then, it implies−α = α− = v andl(−α) = l(α−) = 0.

13
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Definition 3.4. (? operator). Let us considerα = (j1, j2, . . . , jl), β = (i1, i2, . . . , ik) ∈ M.

The operator? is defined as:

α ∗ β := (j1, j2, . . . , jl, i1, i2, . . . , ik) and β ∗ α := (i1, i2, . . . , ik, j1, j2, . . . , jl).

Definition 3.5. (”-[i]” operator). Forα = (j1, j2, . . . , jl) andi ∈ IN , the Operation” − [i]” represents the
”i”-times application of” − ”, where the lasti components should be deleted:

α − [i] :=







(j1, j2, . . . , jl−i), if i < l;

v, if i ≥ l.

It yields α − [i] − [j] = α − [i + j] for i, j ∈ IN .

Example 3.5. If α = (1, 0, 2), β = (0, 3, 1), then we have

1. −α = (0, 2) andα− = (1, 0),

2. α ? β = (1, 0, 2, 0, 3, 1) andβ ? α = (0, 3, 1, 1, 0, 2),

3. α − [1] = (1, 0), α − [1] − [1] = α − [2] = (1) and(1, 0, 2) − [i] = v, ∀i ≥ 3.

3.4 Multiple It ô-Integrals

Throughout the following section, all stochastic processes are defined on a probability space(Ω,A, P )

with right continuous augmented filtrationF = (Ft)t∈T.

Definition 3.6. Define the setH as a set of stochastic processes(ft)t≥0, which are progressively adapted
to the associated filtration{Ft}t≥0), right continuous and the left limit exists. Conceptively define the sets
Hv, H(0), H(1) as follow

1. Hv := {f ∈ H : ∀ t ≥ t0 |f(t, w)| < ∞ a.s.} ,

2. H(0) :=
{

f ∈ H : ∀ t ≥ t0
∫ t

t0
|f(s, w)|ds < ∞ a.s.

}

,

3. H(1) :=
{

f ∈ H : ∀ t ≥ t0
∫ t

t0
|f(s, w)|2ds < ∞ a.s.

}

.

For j ∈ F\ {0} one setsH(j) = H(1).

Definition 3.7. Let us considerα = (j1, j2, . . . , jl) a multi-index and(Wt)t≥0 anm-dimensional Brownian
motion. Forf ∈ H(α), multiple Itô-Integrals are defined per recursion as follows:

Iα[f(.)]t0,t :=







f(t), if l = 0
∫ t

t0
Iα−[f(.)]t0 ,sds, if l ≥ 1 andjl = 0

∫ t
t0

Iα−[f(.)]t0 ,sdW jl
s , if l ≥ 1 andjl ≥ 1.

hereH(α) is defined per recursion as

H(α) := {f ∈ H : I(α−)[f(.)]t0,. ∈ H(jl)}, (19)

for jl = 0, 1, ..., m andl ≥ 2.

14
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Example 3.6.

I(1,2)[f(.)]t0,t =

∫ t

t0

∫ s

t0

f(z)dW 1
z dW 2

s ,

I(1,2,0)[f(.)]t0,t =

∫ t

t0

I(1,2)[f(.)]0,sds

=

∫ t

t0

∫ s

t0

∫ s1

t0

f(s2)dW 1
s2

dW 2
s1

ds.

For simplification, we will use the following notation

Iα,t = Iα[1]0,t andW 0
t = t.

Recall that the Kronecker symbolδ for ji1 , ji2 = 0, 1, ..., l. is defined by

δji1
,ji2

=







1 if ji1 = ji2 ,

0 else.

Theorem 3.5. Let us considerl ∈ IN andα = (j1, ..., jl) ∈ M. Fort ≥ 0, we have

I(j),tI(α),t =
l∑

i=0

I(α−[l−i])∗(j,ji+1,...,jl),t +
l∑

i=1

Bjji
I(α−[l−i+1])∗(0,ji+1,...,jl),t, (20)

whereBjji
= δj,ji

(1 − δ0,j).

Proof. By using partial integration, we get:

d(I(j),tIα,t) = I(j),td(Iα,t) + Iα,td(I(j),t) + (1 − δ0,j)Iα−dW j
t dW jl

t

= I(j),td(Iα,t) + Iα,td(I(j),t) + (1 − δ0,j)δjjl
Iα−,tdt

= I(j),td(Iα,t) + Iα,td(I(j),t)) + Bjjl
Iα−,tdt

= I(j),t)Iα−,tdW jl
t + Iα,td(I(j),t) + Bjjl

Iα−,tdt.

For simplification, let us define the termsAj
α,t = I(j),tIα,t for α ∈ M, we obtain

Aj
α,t =

∫ t

0
Iα,sdI(j),s +

∫ t

0
I(j),sIα−,sdW jl

s + Bjjl

∫ t

0
Iα−,sds

=

∫ t

0
Iα,sdW j

s +

∫ t

0
Aj

(α−[1]),sdW j
s + Bjjl

I(α−[1])∗(0),t,

= Iα∗(j),t +

∫ t

0
Aj

(α−[1]),sdW j
s + Bjjl

I(α−[1])∗(0),t.

Per induction overl in α in Aj
α−[1],t

Aj
α,t = Iα∗(j),t +

∫ t

0
I(α−[1])∗(j),sl

dW jl
sl

+

∫ t

0

∫ sl

0
Aj

(α−[2]),sl−1
dW

jl−1
sl−1 dW jl

sl

+Bjjl−1

∫ t

0
Iα−[2]∗(0),tdW jl

sl
+ Bjjl

I(α−[1])∗(0),t

= Iα∗(j),t + I(α−[1])∗(j,jl),t +

∫ t

0

∫ sl

0
A

(α−[2]),sj

l−1
dW

jl−1
sl−1 dW jl

sl

+Bjjl−1
I(α−[2])∗(0,jl),t + Bjjl

I(α−[1])∗(0),t

15



M. ZAHRI

Now the same procedure will be applied toA
(α−[2]),sj

l−1
, we get:

Aj
α,t =

l∑

i=1

I(α−[l−i])∗(j,ji+1,··· ,jl),t +

∫ t

0

∫ sl

0
· · ·
∫ s2

0
Aj

(α−[l]),s1
dW j1

s1
· · · dW jl

sl

+
l∑

i=1

Bjjl
I(α−[l−i+1])∗(0,ji+1,··· ,jl),t.

Note that
Aj

(α−[l]),s1
= I(j),s1

I(α−[l]),jl
= I(j),s1

Iv,s1 = I(j),sl
=

∫ s1

0
dW j

s , (21)

hence, we have

I(α−[l])∗(j,j1,··· ,jl),t =

∫ t

0

∫ sl

0
· · ·
∫ s2

0
Aj

(α−[l]),s1
dW j1

s1
· · · dW jl

l

=

∫ t

0

∫ sl

0
· · ·
∫ s2

0

∫ s1

0
dW j

s dW j1
s1

· · · dW jl

l . (22)

by replacing (21) and (22) in (21), we obtain (20). Thus, we achieve the proof of the theorem.
The following corollary gives a clear idea about an interesting class of multiple stochastic integrals

Corollary 3.1. Considerl, j ∈ IN andα = (j, j, . . . , j) with l(α) = l. It holds:

Iα,t =







tl

l! for j = 0,
1
l
(W j

t Iα−,t − tIα−[2],t) for j ≥ 1.

Proof. From theorem 3.5(B0,0 = 0) it follows

tIα,t = I(0),tIα,t =
l∑

i=0

I(α−[l−i])∗(j,ji+1,··· ,jl) (23)

=
l∑

i=0

I(0, 0, . . . , 0)
︸ ︷︷ ︸

(l+1)−times

= (l + 1)
tl+1

(l + 1)!
.

The length of the multi-index((α − [l − i]) ∗ (j, ji+1, · · · , jl)) is determined by:

l((α − [l − i]) ∗ (j, ji+1, · · · , jl)) = l(α − [l − i]) + l((j, ji+1, · · · , jl))

= l(α − [l − i]) + l((j)) + l(ji+1, · · · , jl))

= l − (l − i) + 1 + (l − i)

= l + 1.

From (23), we getIα,t = tl

l! . For j ≥ 1 it yields Bjj = 1. Moreover,

I(j),tIα−,t =
l−1∑

i=0

I(j, . . . , j)
︸ ︷︷ ︸

l−times

+
l−1∑

i=1

I((α)−[1]−[l−i+1])∗(0,ji+1,··· ,jl)

= lI(j, . . . , j)
︸ ︷︷ ︸

l−times

+
l−1∑

i=1

I((α) − [1] − [l − i + 1]) ∗ (0, j, · · · , j)
︸ ︷︷ ︸

size=(l−1)

= lI(j, . . . , j)
︸ ︷︷ ︸

l−times

+
l−1∑

i=1

I((α) − [2] − [l − i]) ∗ (0, j, · · · , j)
︸ ︷︷ ︸

size=(l−1)

. (24)
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Colored-Noise-Like Multiple Itô-Stochastic Integrals:Algorithms and Numerics

Using theorem 3.5 forj = 0, it follows

I(0),tIα−[2],t = tIα−[2],t

=
l−1∑

i=1

I((α) − [2] − [l − i]) ∗ (0, j, · · · , j)
︸ ︷︷ ︸

size=(l−1)

. (25)

From (24) and (25) it follows:
I(j),tIα−,t = lI(j, . . . , j)

︸ ︷︷ ︸

(l)−times

+ tIα−[2],t.

thus
I(j, . . . , j)
︸ ︷︷ ︸

l−times

=
1

l
(I(j),tIα−,t − tIα−[2],t)

Lemma 3.5. We have the following values of the multiple stochastic integrals for the special caseα =

(j, j, . . . , j) ∈ M:

I(j,j,j),t =
1

3

(

I(j),t
1

2
(I2

(j),t − t) − tI(j),t

)

=
1

3!

(

I3
(j),t − 3tI(j),t

)

, (26)

I(j,j,j,j),t =
1

4!

(

I4
(j),t − 6tI2

(j),t + 3t2
)

, (27)

I(j,j,j,j,j),t =
1

5!

(

I5
(j),t − 10tI3

(j),t + 15t2I(j),t

)

, (28)

I(j,j,j,j,j,j),t =
1

6!

(

I6
(j),t − 15tI4

(j),t + 45t2I2
(j),t − 15t3

)

, (29)

I(j,j,j,j,j,j,j),t =
1

7!

(

I7
(j),t − 21tI5

(j),t + 105t2I3
(j),t − 105t3I(j),t

)

. (30)

Proof. Note that, since(j, j) − [2] = v, we have

I(j,j),t =
1

2
(I2

(j),t − t) =
1

2

(

(W j
t )2 − t

)

. (31)

The proof of the other multiple integrals is left to the reader (use Corollary 3.1).

Remark 3.3. The following stochastic integral

I(j1,j2)t0,t =

∫ t

t0

∫ s1

t0

dW j1
s dW j2

s1
,

whereW j1
t andW j2

t are two independent Brownian motions can not be evaluated exactly so approximations
must be used to estimate it. Some proposed approximation could be found in literature, for instance in [4],
one can use the direct expansion of the variation of the double integral. However, in [5], the use of the
periodic concept of Brownian Bridge and the Fourier series gives another approximation method. One of
the useful approximation is a direct evaluation of the variation given by:

Î(j1,j2)t0,t =
m−1∑

i=0

∫ ti+1

ti

∫ ti

t0

dW j1
s dW j2

s1
=

m−1∑

i=0

(W j1
ti

− W j1
t0

)(W j2
ti+1

− W j2
ti

) (32)

wheretN
i is a time discretization of the time interval[t0, t].

One of the interesting open questions is that: Can we find moreaccuracy formula for approximation
I(1,2),t by using the class of multiple stochastic integralsI(1,1),t andI(2,2),t? More difficult types of multiple
stochastic integrals areIα,t, where at least tow components ofα, j1 andj2 are disjunct. These integrals
can not be analyzed in a similar way as forα with the same components. However, it is more difficult and
interesting to determine an explicit formula for approximating their numerical behaviors.

17



M. ZAHRI

3.5 Simulation of a class of multiple It̂o Integrals

Let α be chosen according to corollary 3.1. Consider an equidistant discretization of the interval[0, 1].
The path of the stochastic integrals are generated ontn, and by using linear interpolation the generated
trajectory is a continuous one. The stochastic paths (26)-(30) show simulation of multiple Itô-Integrals:
with step size∆ = 1

500 . The reader will observe that the time series behavior of themultiple stochastic
integrals, withα = (1, . . . , 1) ∈ M have the same behavior. Furthermore, according to our simulations of
these stochastic processes, they cannot have similar behavior to the Gaussian. One of the reasons for this
dilemma is that for larger size of the multi-index i.e.l(α1) > l(α2) the amplitude of the corresponding time
series has smaller values. See figure 7. In all figures bellow,we remark the Colored-Noise behavior of the
stochastic integralsIα. We also left the attention of the reader to the increasing time dependent amplitude.
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Figure 7: Paths of multiple integral processes for different α ∈ M.
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This following code generates one value ofI(1,1,1),t using500−time iterations

% int3dW.m Approximate stochastic integrals

% return the value of the multiple stoch. int. for (1,1,1) on [ 0,t]

% enter the integral upper bound t

function x=Int3dW(t);

N = 500; dt = t/N;

R=zeros(1,N);

for j=1:N

R(j)=boxm();

end

dW = sqrt(dt) * R;

W = cumsum(dW);

% compute the valute of the integral

% based on the upper bound and the end value of the BM.

r=W(end);

x =(rˆ3-3 * t * r)/6;

Code Int3dW.m

The following code generates the processI(1,1,1),t in N−time iterations

function Wp=Int3dWprocess(T,N);

dt=T/N;

Wp = zeros(1,N);

T = zeros(1,N);

for j=1:N

T(j)=j * dt;

Wp(j)=Int3dW(T(j));

end

plot(T,Wp);

Code Int3dWprocess.m

4 Concluding Remarks

In this work we have made a contribution to the subject of computational stochastics. We have, proved
the recurrence relationship for the class of stochastic integrals, where the multi-index has the same com-
ponents. In several examples, we have shown the graphical behavior of such processes. Furthermore, we
have introduced the reader to many techniques and open questions. The numerical approach presented here,
could be employed for the treatment of many processes derived from the Brownian motion. In particular,
we have simulated the time-integral and the time-differential of the Brownian motion. Consequently, we
have clearly illustrated the difference between the time-behavior of the area under the path of Brownian
motion and the behavior of white noise. This paper, is a semi-review of the stochastic integration, which is
intended to motivate graduate students and also young researcher in the topics of computational stochastics.
Therefore, we have included in it interesting matlab codes.It is our intention for the future to finish similar
work on stochastic differential equations (SDEs) and stochastic partial differential equations (SPDEs).
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[13] Lin, X.S. Introductory Stochastic Analysis for Finance and Insurance. ISBN 0-471-71642-1. Wiley
Series in Probability and Statistics 2006.

[14] Shreve, S. Stochastic Calculus for Finance I, The Binomial Asset Pricing Model.ISBN 0-387-40100-8.
Springer ’Finance’ 2004.

[15] H. Manouzi, M. Seaı̈d, M. Zahri: Wick-Stochastic Finite Element Solution of Reaction-Diffusion
Problems. J. Comp. Applied Math., Vol.203, (2007), pp:516-532.

[16] Mofdi El-Amrani, Mohammed Seaid, Mostafa Zahri, A stabilized finiteelement method for stochastic
incompressible Navier-Stokes equations, Int. J. Comput. Math. 89(18): 2576-2602 (2012).

[17] K. Mohamed, M. Seaı̈d, M. Zahri, A finite volume method for scalar conservation laws with stochastic-
timespace dependent flux functions, Journal of Computational and Applied Mathematics 237 (2013),
614632.

[18] B. Hajek and Eugene Wong, Multiple Stochastic Integrals: Projection and Iteration; Zeitschrift
Wahrscheinlichkeitstheorie und Verwandte Gebiete, Springer-Verlag 1983.
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