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Preface

This Pre-Calculus book, Equations and Inequalities, marks a significant step for-
ward in integrating artificial intelligence into educational resources. Created with
up to 50% assistance from Al, it leverages advanced tools to provide a wealth of
solved exercises, illustrative examples, and insightful tips that make understand-
ing equations and inequalities accessible and engaging for learners at all levels.

The structured layout of the book, combined with its vast array of graphics, aims
to demystify complex mathematical concepts through clear, visual explanations.
Readers are guided through progressive levels of problem-solving, with hints
provided to foster independent thinking and a deep comprehension of each topic.
This book is designed to meet the needs of school, college, and first-year university
students in science, engineering, business, and other majors. Offering comprehen-
sive coverage and practical guidance provides a solid foundation for students
from various fields to develop essential mathematical skills.

This approach enhances traditional learning methods and embraces a modern
paradigm where Al is an invaluable partner in education. The book empowers
learners to build strong mathematical foundations, adapt to new problem-solving
techniques, and gain confidence in tackling challenging questions by offering step-
by-step solutions and strategies. We hope that Equations and Inequalities inspires
readers to explore mathematics with curiosity and determination and appreciate
technology’s evolving role in transforming how we learn and teach.

Mostafa ZAHRI
Sharjah 2024
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CHAPTER

Linear Equations and
Inequalities

1.1. Linear Equations
1.1.1 Standard linear equations

Solving an Equation in the Form mx +b =0
For a linear equation: mx +b = 0 isolate x by
moving b to the other side and then dividing by

m:x = —% Cases:
1. Unique Solution: If m # 0, the equation has a
unique solution: x = —%.

2. All Real Numbers: If m = 0 and b = 0, the
equation becomes 0 = 0, which is always true.
Hence, the solution set is: 1IR.

3. Empty Solution Set: If m = 0 and b # 0, the
equation becomes 0 = b, which is a contradiction.
Hence, the solution set is: (.

Example 1.1.1 (Unique Solution).

Solve the linear equation: 2x + 5 = 15.

Solution Rearrange the equation to find x:

fe s U:Lugé.mx+b:0 JKall o Dolas S
(;;Jsinajwbﬁ&}c;xdﬁ 3 mx+b=0.

:Q?U-‘x:—%.:m& Lound
tay o Dslaal 9B om0 OF 13 tamy o 1

x=-L

(4 sl 2.

s ¢ 020 Dbl medl ¢« b=0 5 m=0 o 1
R. : & Joldl degaz b JUL o oL dnme ()5
Pl b#0 g m=0 OF Bl 26 o) Legaz 3
oMl degaz 0l (JWLy . @8l 8y« 0=D dsldl
0. : »

2x+5=15 isolate x
2x =15-5  subtract from both sides —5
2x =10 divide both sides over 2
X = % = 5. this is the solution
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The solution set contains x = 5 only.

Example 1.1.2 (All Real Numbers).

Solve the linear equation: 3y — 6 = 3(y — 2).

Solution Simplify both sides:
3y—6=3y—6 expand 3(y —2)
0=0 subtract 3y — 6 from both sides

Since this equation is always true, the solution set is all real numbers: IR.

Example 1.1.3 (Empty Set).

Solve the linear equation: 2z +3 = 2z - 5.

Solution Simplify and rearrange the equation:

2z4+3=2z-5 isolatez
2z -2z =-5-3 subtract 2z from both sides

0=-8. this is a contradiction

Since the equation leads to a contradiction, the solution set is empty: 0.

Exercises on Standard Linear Equations

Question 1.1.1. Find the root of the equation 2x — 4 = 0.
A) -2

B) 2

o

D) x

E) None of these choices

Answer: B) 2 ) o i )
To find the root of a linear equation, set 2x—4 = 0 J£s 20-4=0 — i) Bl e TR
and solve for x. cx oy

Question 1.1.2. Find the root of the equation 3x +5 = 0.
5

A) -3

B) 3
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C) -5
D)3
E) None of these choices

Answer: A) —% _
To find the root, set 3x + 5 = 0 and solve for x. o & >\.‘.}' J=£93x+5=0 . Gad] ’\5}(

Question 1.1.3. Find the root of the equation x —7 = 0.
A)7

B) -7

o

D)1

E) None of these choices

Answer: A) 7
The root is simply x = 7 whenx -7 = 0. cx=7=0 bas x=7 o blay ,idl

Question 1.1.4. Find the root of the equation 4x + 12 = 0.
A) -4

B) 3

C) -3

D)0

E) None of these choices

Answer: C) -3
Solve 4x + 12 = 0 by isolating x. cX A +12=0 J=

Question 1.1.5. Find the root of the equation 5x — 15 = 0.
A)0

B) -3

C5

D)3

E) None of these choices
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Answer: D) 3
Solve 5x — 15 = 0 by isolating x.

Question 1.1.6. Find the root of the equation x +9 = 0.
A)9

B) -9

o

D)1

E) None of these choices

Answer: B) -9
The rootis x = -9 when x +9 = 0.

Question 1.1.7. Find the root of the equation 6x + 18 = 0.

A)3

B) -3

Q)6

D)0

E) None of these choices

Answer: B) 3
Solve 6x + 18 = 0 by isolating x.

Question 1.1.8. Find the root of the equation —2x +8 = 0.

A)4

B) -4

O)2

D)0

E) None of these choices

Answer: A) 4
Solve —2x + 8 = 0 by isolating x.

Question 1.1.9. Find the root of the equation x +4 = 0.
A)4
B) —4

CHAPTER 1. LINEAR EQUATIONS AND INEQUALITIES

cX Jm Bx—15=0 &

x4+9=0 bws x=-9 ga id!

cX Jgm 6x =18 =0 £

cX Jm 2x+8=0 &
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0o
D)1
E) None of these choices

Answer: B) —4
The rootis x = —4 when x +4 = 0.

11

Cx+4=0 Lws x=—4 4o id!

Question 1.1.10. Find the root of the equation 7x — 21 = 0.

A)3

B) -3

Q7

D)0

E) None of these choices

Answer: A) 3
Solve 7x — 21 = 0 by isolating x.

X Jym 7X=21=0 <

Question 1.1.11. Find the root of the equation 2 + 3 = 0.

A)-3
B) 2

C) -3

D) -2

E) None of these choices

Answer: A) -2/3

First, subtract 3 from both sides:
2=-3

Next, multiply both sides by x:
2 =-3x.

Finally, divide both sides by —3:
x=-2.

=30l O e 3
.2:—3x:x$q@.\d‘>’(gﬂ
3 e sl o

=2 o
LX==F

Question 1.1.12. Find the root of the equation % -4=0.

A) 2
B) 5
Q)3
D)1
E) None of these choices
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Answer: C) %
First, add 4 to both sides:

3=4 C2 =4 ou il S Y4 el
Next, multiply both sides by x: CS=drx 3 ow ) O Ol
5 = 4x. 5 ) ’
Lx=2:4 go lall s
Finally, divide both sides by 4: =1 e Ol [
2
X = i

Question 1.1.13. Find the root of the equation Z +2 = 0.
A) -2

B) -2

02

D)0

E) None of these choices

Answer: B) —%
First, subtract 2 from both sides:

2 I= 2l X e 2
Next, multiply both sides by x: 7= 2x i x G os kL
7 ==2x. - F
x=-T: 0 o pulll o
Finally, divide both sides by —2: A==y s =2 Je G
7
X = -3

Question 1.1.14. Find the root of the equation 2 — 1 = 0.
A)3

B) 4

C) -4

D) 1

E) None of these choices

Answer: B) 4

First, add 1 to both sides: 4 . .o
ézl .;=1.WJLJ‘>K&!1L_M..
X ’ .. . .
Next, multiply both sides by x: 4=x:x g o kall O al
LS Lx=4 s il

The root is x = 4.

Question 1.1.15. Find the root of the equation 2 + 5 = 0.

INE
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B) -2
09

D) -9

E) None of these choices

Answer: B) —%

First, subtract 5 from both sides:
2=-5

Next, multiply both sides by x:
9 =-5x.

Finally, divide both sides by —5:

=2
x=-32.

13

=508l O e 5
29=b5x:x b okl OO
.x:—%:—SJ.;Q}éJHIFhB

Question 1.1.16. Solve the equation 2x + 3 = 2x — 5. Does it have a solution?

A)x=1

B)x=-1

C) No solution

D) Infinitely many solutions
E) None of these choices

Answer: C) No solution

Subtract 2x from both sides:

3 = -5, which is a contradiction.

Since the equation results in a false statement, there
is no solution.

18 )l 367 e 20 - e
B iy« 3= -5
e e 36 Tl e i Dslall o e

Question 1.1.17. Solve the equation 3x —4 = 3(x — %). Does it have a solution?

A)x=1

B)x=0

C) No solution

D) Infinitely many solutions
E) None of these choices

Answer: D) Infinitely many solutions

Simplify the right-hand side:

3x—4=3x—4.

Both sides of the equation are identical, so the
equation holds true for all x. This means there are
infinitely many solutions.

;oY) Ol day

.3x—4=3x-4

X f:s C_.Jia.s‘-’ Vsl OB 1 (late i Lall 5~
Jo) e S Y sas Sl O ey Mhay .
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Question 1.1.18. Solve the equation 4(x + 1) = 4x + 10. Does it have a solution?

A)x=1

B)x=0

C) No solution

D) Infinitely many solutions
E) None of these choices

Answer: C) No solution

Expand both sides:

4x +4 =4x+10.

Subtract 4x from both sides:

4 = 10, which is a contradiction. Therefore, there is
no solution.

sl 67 my

LAx+4=4x+10

r8 Ll 36 e dx L

Jo J“?j-.’. Y (b ua:L'? ‘M)& 4 =10

Question 1.1.19. Solve the equation 5x +2 = 5(x + %). Does it have a solution?

A)x=2

B)x=-2

C) No solution

D) Infinitely many solutions
E) None of these choices

Answer: D) Infinitely many solutions

Simplify the right-hand side:

5x+2=>5x+2.

Both sides are the same, so the equation is true for
all values of x. This means there are infinitely many
solutions.

;oY) Ol day

.5x+2=5x+2

X f:s C_.Jia.s‘-’ Vsl OB 1 (late i all 5~
Jo) e Sl Y sas Sl o ey Mhay .
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1.1.3 Linear equations involving the absolute value

Solving an Equation in the Form |ax + b| = ¢

For an equation with absolute value: |ax +b| = c,
solve by considering two cases:

case (1).ax +b = c. case (2). ax +b = —c.

Steps:

1.Isolate the absolute value: Ensure the equation
is of the form |ax + b| = ¢, with ¢ > 0.

2. Split into two linear equations: Solve ax + b =
candax +b = —c.

3. Solve each equation: For each equation, isolate
x using linear solving techniques: x = C;b and
X = %‘b 1. Check for no solutions: If ¢ < 0, the
equation has no solution ().

Solution Types:

1. Two Solutions: If ¢ > 0, the equation has two
solutions: x = C;—b and x = %‘b 2. One Solution:
If ¢ = 0, the equation simplifies to ax+b = 0,
which has one solution: x = —g. 3. No Solution:
If ¢ < 0, the equation is invalid, and the solution
set is (.

Example 1.1.4 (Two Solutions).

lax + bl =c KN o Doleo S

) R gl bl = dales o3 ol dsles 4
cax+b=—c (2. 4. ax+b=c (1). I

AN

S e sl ol Wt osdall L@t g 1
20 & ¢ lax+bl=c

cax+b=—c gax+b=c Jo : skl f:“.’és‘Z.

Jo Gk bl x Jim § il e B
oo il 4 x==b g x=2b ld) GV
(0 Jolo W Dl 0B e e <0 O 15] 1 J AL}
sl gl

gx=2t (Ode Y Uslal! OB« >0 oF 15 (e 1.

a

gl Dol 9l e 0= 0 OF713] samy Jo 2. 0= =L
O Bl idele ¥ 3. x=-L tuag o Wy ax+b=0
® Jold!l degaz JUWL g Ke ae doladl gl <0

.0

Solve the linear equation involving absolute value: [2x — 4| = 6.

Solution Split into two cases and solve each:

Casel:2x—4=6
2x =10
x=05

Case2:2x—4=-6
2x = -2

x=-1

Thus, the solution set is {—1, 5}.

Example 1.1.5 (No Solutions).

remove the absolute value
add 4 to both sides
divide by 2

negate the right-hand side
add 4 to both sides
divide by 2

Solve the linear equation involving absolute value: [x + 3| = —2.
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Solution Since the absolute value cannot be negative, the equation has no solution.
The solution set is 0.

Example 1.1.6 (One Solution).

Solve the linear equation involving absolute value: [5x — 10| = 0.

Solution The absolute value is zero only when the expression inside equals zero:

5x—10=0 set the expression to 0
5x =10 add 10 to both sides
x=2 divideby 5

Thus, the solution is x = 2.

Example 1.1.7 (All Real Numbers).

Solve the linear equation: [0x + 0| = 0.

Solution Simplify the equation:
0 =0 the equation holds true for any x

Since this equation is always true, the solution set is all real numbers: R.

Example 1.1.8 (Special Case: No Solutions Due to Isolation).

Solve the linear equation involving absolute value: [3x — 6| +2 = 0.

Solution Isolate the absolute value:
[3x — 6| = =2 subtract 2 from both sides

Since the absolute value cannot be negative, the equation has no solution. The
solution set is 0.

Example 1.1.9 (Special Case: Multiple Steps to Solve).

Solve the linear equation involving absolute value: [4x +5| = 7.
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Solution Split into two cases and solve each:

Casel: 4x+5=7  remove the absolute value

4x =2 subtract 5 from both sides

1
X=z

divide by 4

Case 2: 4x +5 = —7 negate the right-hand side
4x = —-12  subtract 5 from both sides
x=-3 divide by 4

Thus, the solution set is {3, %}.

1.1.4 Exercises on linear equations involving the absolute value

Question 1.1.20. Solve the equation |x — 3| = 5.
A)x=8orx=-2

B)x=3orx=-3

C)x=5

D)x=-5

E) None of these choices

Answer: A)x =8orx=-2 J x-3=5 g = Mg ¢ x-3]=5 R
Since |x — 3| = 5, this means x —3 = 5 or x — 3 = -5.  x—3=-5
o
.x—-3=5=>x=8 (D).
 Z=8s=B=Dr=<2 @)

Solving both cases:
1). x-3=5=>x=8.
2). x-3=-5=>x=-2.

Question 1.1.21. Solve the equation |x + 4| = —3. Does it have a solution?
A)x=-4

B)x=3

C) No solution

D)x=-3

E) None of these choices

Answer: C) No solution . .
There is no solution because the absolute value ufJL“‘"" ol U‘K‘r Y Gl Ll Al oY J’ e 2go N
function cannot equal a negative number. L Bas
The equation |x + 4| = -3 is impossible to solve. = WG e x+4)=-3 dsldl
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Question 1.1.22. Solve the equation [2x — 4| = 0.

A)x=0
Byx=2
Ox=4

D) No solution
E) None of these choices

Answer: B) x =2 . L .
Since [2x — 4| = 0, this means 2x — 4 = 0. S2x-4=0 S g ¢ 2x—4[=0 0l Lo
Solving for x: px sy

2x=4=x=2. L 2x=4=x=2

Question 1.1.23. Solve the equation [3x +2| = 7.
5

A)x=3o0orx=-3
B)x=3

C)x=0
D)x=-2

E) None of these choices

. = 3 — _ . . .
AT A0 S G @1 S o 3x42=7 ol gm e« Bx+2=7 ol L

Since [3x +2| = 7, this means 3x +2 = 7 or

Bx+2=-7. P 3x+2=-7
Solving both cases: ;o
(1) 3x+2=7=3x=5=x=3. 3x+2=7=3x=5>x=3 (1)
2 3x+2=-7=3x=-9=>x=-3. 3%x+2=-7=3x=-9=x=-3 (2)
Question 1.1.24. Solve the equation |x — 6| = 4.

A)x=10orx =2

B)yx=6o0orx=-6

COx=4

D)x=-4

E) None of these choices

Answer: A)x =10orx =2 51 x—6=4 Q;‘ S g ¢ x—6/=4 QT L
Since |x — 6| = 4, thismeansx—6 =4 or x — 6 = —4. x—6=-4
Solving both cases: Ol

1) x-6=4=x=10.

2) x—6=-4>x=2 1) x-6=4=x=10

.2) x—-6=-4=x=2
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Question 1.1.25. Solve the equation |2x + 1| = —3. Does it have a solution?

A)x=-1

B)x=3

C) No solution

D)x=0

E) None of these choices

Answer: C) No solution

There is no solution because the absolute value of
any expression cannot be negative.

Since [2x + 1| = -3, and absolute value cannot be
negative, the equation has no solution.

KoY e Y @l 2@l A oY Yo sms ¥
EMWIRTC I

0555 ol oKe Y Gllal) Ldlly Ry+11=-3 o e
o e Dol gl

Question 1.1.26. Solve the equation |x — 4| = —2. Does it have a solution?

A)x=2

B)x=4

C) No solution
D)x=-4

E) None of these choices

Answer: C) No solution

There is no solution because absolute values cannot
be negative.

Since |x — 4| = -2, the equation has no solution.

WL oS ol Ka Y dl) ﬁm‘g’v&@ﬁv
o W ) Dl p—4= -2 o e

Question 1.1.27. Solve the equation |x — 2| = |2 — x|. Does it have a solution?

A) No solution

B) Infinitely many solutions
CO)x=2

D)x=0

E) None of these choices

Answer: B) Infinitely many solutions

Since both sides of the equation are identical, |x — 2| =
|2 — x|, the equation holds true for all x.

Therefore, there are infinitely many solutions.

Dslad) o Ir =20 = 2 — x| odleze Dslll 5 b of e
Jsdl e Sl Y s Ala el

Question 1.1.28. Solve the equation |2x + 3| = |2x + 3|. Does it have a solution?

A) No solution
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B) Infinitely many solutions
CO)x=-3

D)yx=2

E) None of these choices

Answer: B) Infinitely many solutions

Since both sides of the equation are identical,
[2x + 3| = [2x + 3|, the equation holds true for all
values of x.

Thus, there are infinitely many solutions.

OB ¢ 2x+3= 2x+3] (dlze Bskdl 3L of e
Lx g K iz Uolall
sl e SU Y sae dia I

Question 1.1.29. Solve the equation [3x — 1| = —4. Does it have a solution?

A) No solution
B)yx=-1
Ox=0
D)x=4

E) None of these choices

Answer: A) No solution

There is no solution because the absolute value of
any expression cannot equal a negative number.
Since |3x — 1| = —4, this equation has no solution.

o Ko ¥ s Y Gkl 2@l oY o aes Y

Jo W sl Br-11= -4 ol e
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1.1.5 Non-standard from of linear equations

. . a c
Solving an Equation of the Form po A
X — X —
2= Kl e &
To solve the equation of the form 4 = &, x=b = x—d Ve Bsles Jo
follow these steps: lsld | C.J‘ Cim v S e Dol 4
1. Cross-multiply: Multiply both sides by U
(x = b)(x — d) to eliminate the denomina- S ol O :ij\:ﬂ‘ %’J"“J‘ L.

tors:
a(x —d) = c(x—D).

2. Expand both sides: Distribute g and c on
both sides:

ax —ad = cx — cb.

3. Isolate x: Rearrange the terms to bring
all terms with x on one side:

ax —cx = ad — cb.
Factor out x:
x(@a—c) =ad—cb.
4. Solve for x: Divide both sides by (a —c)

(ifa # o)
ad —cb
X =

a-c

5. Check for restrictions: Ensure x # b and
x # d, as these would make the original
equation undefined.

(bl e el (x = b)(x - d)
a(x —d) = c(x - D).

) S Js ¢ 50§ 5y o ) dapeat 2.
ax —ad = cx — cb.

P s9adl 5 mod sgadl s asl s x Je 3.
ax —cx = ad — cb.

t R ol Cf-? ¢

x(a—c) = ad — cb.

e Ul X a3l xS Ll DLl Jo 4
(a#c 813y (a-o)

ad —cb

X = .

a—=c¢
cx#d g x#b Ol T g e Gam 5.
RTINSV AW I N [ W ol ol oy

Example 1.1.10 (Equation: Multiple Steps to Solve).

Solve the linear equation written in nonstandard form: =

3 5
2x -3’

x—2

Solution Eliminate the denominators by cross-multiplying:

3(2x —3) = 5(x —2) cross-multiply to remove fractions

6x—-9=5x-10

x=-1
Check for restrictions:

x#2 and x#%

expand both sides

subtract 5x and add 9 to isolate x

denominators cannot be zero

Since x = —1 does not violate the restrictions, the solution is: x = —1.
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Example 1.1.11 (Special Case: No Solution).

x+1 _x+2

x—-2 x-2

Solve the linear equation written in nonstandard form:

Solution Simplify both sides:

x+1=x+2 denominators are identical, so simplify numerators

1=2 subtract x from both sides (contradiction)

Since this is a contradiction, the equation has no solution. The solution set is: 0.

Example 1.1.12 (Special Case: Multiple Steps to Solve).

4 2
Solve the linear equation written in nonstandard form: —— = —.
x+1 x-3
Solution Eliminate the denominators by cross-multiplying;:

4(x —3) =2(x+1) cross-multiply to remove fractions
4x—-12 =2x+2  expand both sides
2x =14 subtract 2x and add 12
x=7 divide by 2
Check for restrictions:

x# -1 and x # 3 denominators cannot be zero

Since x = 7 does not violate the restrictions, the solution is: x = 7.

Example 1.1.13 (Special Case: Multiple Steps with Restrictions).

. . . : 2x
Solve the linear equation written in nonstandard form: Pl

5
+3  x+3
Solution Eliminate the denominators by cross-multiplying;:

2x(x +3) = 6(x+3) cross-multiply to remove fractions
2x =6 divide both sides by x + 3 (valid since x # —3)

x=3 solve for x

Check for restrictions:
x # =3 denominator cannot be zero

Since x = 3 satisfies the restrictions, the solution is: x = 3.
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Example 1.1.14 (Special Case: Multiple Steps to Solve).

. . . . 2x —6
Solve the linear equation written in nonstandard form: = —.
x+3 x+3

Solution Eliminate the denominators by multiplying through by x + 3:

2x = =6 cancel the common denominator (valid if x # —3)

x = =3 divide by 2 to solve for x
Check for restrictions:
x # =3 denominator cannot be zero

Since x = —3 violates the restriction, the equation has no solution. The solution set
is: 0.

1.1.6 Exercises on linear equations in non-standard form

Question 1.1.30. Solve the equation x% =1 zx'
A)x=-38

B)x=5

C) No solution

D)x =38

E) None of these choices

Answer: D) x = 3.8 4S5 3(1-x) = 7(x = 5). ol ol f‘ b
Using cross-multiplication: 3(1 —x) = 7(x —5). Ll oI 3 - PR Nl
Simplify: 3-3x = 7x - 35. Combine like terms: " ’5 gof. STIMETESS.

38 = 10x. Solve for x: x = 38 = 38. Verification | lay (a=dl x=8 =38 : x J J« 38=10x.
shows the solution satisfies the original equation. oS sl s JA‘

3

Question 1.1.31.  Solve the equation d% +5= i3

A)x =-14/5

B)x=-3

C) No solution

D)x=0

E) None of these choices



24 CHAPTER 1.

Answer: A) x = —-14/5
Combine terms with the same denominator:

2 3
—+
x+3 >

T x+3
Subtract % from both sides:

3-2
5= x+3°

Simplify:
1

T x+3
Multiply through by x + 3 (valid as long as x # —3):

5x+3)=1.
Simplify:
5x +15 =1.
Solve for x:
14
=-14 =—-=—.
5x , X 5
Verification confirms that x = —14/5 satisfies the

original equation.

LINEAR EQUATIONS AND INEQUALITIES

Rl pGll o5 sgadl 2

2 . _ 3
x+3 T x+3
- 2 5
BRIV N
3-2
T x+3
I PONY;
1
5_x+3'

i x#-3 0l by x+3 3 el

5x+3)=1.
f sl Japadl
5x+15=1.
cx J Jﬁ
14
=-14 =——.
5x y & 5

LoV D5l it x = —14/5 o a5%y i)

Question 1.1.32. Solve the equation i%z = i :z
A)x=4

B)x=-2

C) No solution

D)x=0

E) None of these choices

Answer: D) No solution

Simplifying x — 4 leads to x + 2 = 2 — x and therefore
x = 0. Since 0 # 4, this equation has x = 0 as
solution.

x=0 JWLy x+2=2-x: Jsldl O r\,\"‘:;ﬂ\{
cx=0 98 JH 04 by Y x=0 J&1 ol ey

3x+2 5

X

Question 1.1.33. Solve the equation
A)x=1

B)x=-1

C)x=2

D) No solution
E) None of these choices

-1 x-1
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Answer: D) No solution . ) ] K
The denominator x — 1 cannot be zero, excluding "™~ #=1 &’lul{j ¢ Bl S0 ‘-’3& ol UQ‘ Y

x = 1. Simplifying gives 3x + 2 = 5, leading to x = 1. - o2l 1dag ¢ x=1 di 3x+2=5 _lx lad
However, this contradicts the excluded value x = 1. i .5" LA f‘m

Question 1.1.34. Solve the equation x5Tx = xl_O >
A)x=2

B)x=0

C) No solution

D)x=5

E) None of these choices

Answer: C) No solution

The equation XSTXZ = % has a restriction that

Yr-2,Gll ¥ x#2 ol be | = =10 gLl
x # 2 because the denominator x — 2 cannot be * f Nx#2 0l bl 2 = . >
zero. Eliminating the denominator gives: 5x = 10. J‘ 5x =10 u—‘ﬂ-‘v ?LE_U *”J! L—‘h’ L"Sjsz’. ol ui-""
Solving for x, we find: x = 2 However, this value fdmdins dond)l ol Ogj x=2 :af (Dsld) oda

is excluded due to the restriction x # 2. Thus, the ) JD | M Dl x 22 L Ji-“ oy
equation has no solution. ’

Linear Inequalities

Linear Inequalities in Standard form

Solving linear inequalities of the form ax + b < c is similar to solving linear equations, with a few
additional considerations. Here are some tips to keep in mind:

Isolate the Variable: Start by isolating the variable on one side of the inequality. For example, in
3x +5 > 11, subtract 5 from both sides to get 3x > 6, then divide by 3 to find x > 2.

X 05 e 3o Bu45> 11 el o Jo ilell 3k sol fo sl Jom Tah ogall 56

Reverse the Inequality for Negative Multiplications/Divisions: If you multiply or divide both

sides of the inequality by a negative number, reverse the inequality symbol. For instance: —2x <

6= x>-3. .

sas e lall b s ol O e o 3]l sas e Ll o O el wie bl ey Ko
—2x <6 = x> =3 JEll Juw o Gl 5, Ko eldas (L
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Graph the Solution on the Real Line: After solving the inequality, represent the solution on the

real line. Use an open circle for strict inequalities (e.g., x > 2 or x < —1) and a closed circle for

inclusive inequalities (e.g., x > 2 or x < —1).

ru\’.k:.u‘ Aaad! slaeY! L= & S e € Ll o sy 1iGEgd ) SlasYl Ls e J& £

ol x>2 o) dbladl Ol &las 55by (x <1 ol x>2 ) Loyl ollil d>gas 51
(x=<-1

Express Solution in Interval Notation: Linear inequalities are often written in interval notation.
For example, if x > 2, the solution in interval notation is (2, o). For x > —1, the interval notation is
[~1, c0).

OF 1) (JUT o o LR dapay adadk] Ll Sl 3O L QG ol Ly ) LS

[-1,00) 98 SLA Tagar A1 06 ¢ x 2 -1 6130 Ll (2,00) ga LR dagar A1 0B < x> 2

Check with a Test Point (Optional): If uncertain, select a test point from each side of the inequality
to confirm the solution region. For instance, for x < 3, testing x = 2 should satisfy the inequality,
confirming (—oo, 3) as the solution.

lyx oo ol e sl dai sl a8 8] s ity st Wl plasiol Gadl
clall i ol o x=2 lasl ol x <3 ) 2l JEV o Jo g4 Galate o aST GLal

Jﬁ-\ b (=00,3) Qi .,\.(31 Le

Compound Inequalities: When solving compound inequalities, like a4 < x < b, treat each part

separately and then combine the results. For example in -1 < 2x < 5, first solve =1 < 2x and

2x < 5, then intersect the solution sets to get —— <x< 5

éu‘ g (,e f‘ R R (g<a<x<b&x{}‘ubu\k}o,\.& 81 ol
Jyaml) Joldl gogez bl fo2w<5 5 -1<2x J2 Y] ?4—1<2x<534du‘k}m\.¢&
"—%<x<§Js

Example of Graphing an Inequality on the Real Line

Example 1.2.15.

Sketch this one-side inequality on the real line: x > 2.

Solution In this graph:

e The open circle at x = 2 represents that x is strictly greater than 2.
e The arrow to the right shows the values of x that satisfy x > 2 equivalent to
(2, 00).



2. LINEAR INEQUALITIES 27

A 4

Figure 1.1: Representation of the open interval (2, ) on the real line

Example 1.2.16.

Sketch this one-sides inequality on the real line: x < 3.

Solution In this graph:

A
SN

Figure 1.2: Representation of the semi-open interval (oo, 3] on the real line

e The closed circle at x = 3 represents that x is less than or equal to 3.
e The dashed arrow to the left shows the values of x that satisfy x < 3 equivalent
to (—o0, 3].

Example 1.2.17.

Sketch this two-sides inequality on the real line: -3 < x < 4.

Solution In this graph:

©
-~ @

Figure 1.3: Representation of the open interval (—oo, 3] on the real line

e The open circle at x = =3 represents that x is strictly greater than -3 (i.e.,
-3 < Xx).

e The closed circle at x = 4 represents that x is less than or equal to 4 (i.e., x < 4).

e The solid line segment between x = -3 and x = 4 shows all values of x that
satisfy —3 < x < 4 equivalent to (-3, 4].

Example 1.2.18.

Solve the inequality and sketch the solution on the real line: —4 < x -3 < 4.
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Solution Step 1: Understand the Absolute Value Inequality The two sides in-
equality —4 < x —3 < 4 means the distance between x and 3 is less than 4 on the

1.2.3

number line.

Step 2: Solve for x Solve the double inequality step by step:

Add 3 to all sides:

—-4+3<x-3+3<4+3 =

-1l<x<7

Step 3: Interpret the Solution The solution is all values of x between —1 and 7,
not including the endpoints. In interval notation: x € (-1,7)
Step 4: Verify the Solution Test values within and outside the interval:

e Pick x = 0 (inside): —4 < 0 — 3 < 4, which is satisfied.

The solution is: x € (—1,7).

Figure 1.4: Representation of the open interval (—1,7) on the real line

Exercises on Linear Inequalities in Standard form

Question 1.2.35. Find the solution set of the inequality 2x —4 < 0.

A) (—0,2)

B) (—o0,2]

C) (=00, -2]

D) (=0, -2)

E) None of these choices

Answer: B) (-, 2]

Jos 2-4=0 aa il @ldl e sl

To find the root of a linear inequality, set 2x —4 = 0 cxosl=y
and solve for x: 2x—4=0
2x-4=0 oy =4
2x =4

x=2 x=2
The inequality 2x — 4 < 0 holds for all x < 2, so the icgez ;":MLJ cx<2 K Gamy 2x-4<0 Ll
solution set is (—oo, 2]. c(=0,2] & J4!

Question 1.2.36. Find the solution set of the inequality 3x +5 > 8.

A) (—o0,1]

B) (1, )

Q) (-o0,1)

D) [1, )

E) None of these choices
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Answer: B) (1, c0) cx oY L4 3x+5=8 o (A desez 5l Y
Set 3x + 5 = 8 and solve for x: 3x =3
3x=3 x=1
x=1 . . o0 e ol =

The inequality 3x + 5 > 8 holds for x > 1, so the Lyt k..’}ub'j cazl J G B e Ll
solution set is (1, o). . (1,00) P JA"

Question 1.2.37. Solve the inequality 4x —3 < x + 5.
A) (=00,8/3]

B) (-0, 8/3)

C) (8/3, )

D) [8/3, o)

E) None of these choices

Answer: A) (—co,8/3] sx sy 9 3 <8 JUWK ! L7 s
Rewrite as 3x < 8 and solve for x: N x<8
2<% L
Solution set: (—o0,8/3]. -+ (700, 8/3] * Jl e

Question 1.2.38. Determine the solution set of —2x + 7 < 3.
A) (—0,2]

B) [2, )

C) (2, )

D) (=0, 2)

E) None of these choices

Answer: C) (2, ) gy —2x < -4 JUK bl L7 a
Rewrite as —2x < —4 and solve: " >0
x>2 .

Solution set: (2, o). - (2,0) s* JA ‘ ege2

Question 1.2.39. Determine the solution for |x + 2| < 5.
A) [-7,3]

B) (-7,3)

O [-3,7]

D) (-3,7)

E) None of these choices
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Answer: A) [-7,3] x oY g g Bx+2<5 JUK LSl a
Rewrite as =5 < x + 2 < 5, solve for x: - [7,3]

[_7/ 3]

Question 1.2.40. Find the solution set of 3 —x > 2x + 1.
A) (=00,2/3]

B) (—0,2/3)

C) (=00, -2/3]

D) (2/3, o)

E) None of these choices

Answer: B) (—o0,2/3) :=3x < -2 JUE Ll ww
Rewrite as —3x < —2: ) <2/3
x<2/3 *

Question 1.2.41. Solve for x if |x — 4| > 3.
A) (1, 00)

B) (—00,1) U (7, 00)

C) (—00,1) U (5, )

D) (4,7)

E) None of these choices

Answer: B) (-0, 1) U (7, 00)
Rewriteasx >7orx < 1.

cx<l gl x>7 JUE LS a
Question 1.2.42. Solve the inequality 5 — 2x < 3.

A) (1, 00)

B) (—o0,2]

Q) (-o0,1)

D) (1,2)

E) None of these choices

Answer: A) (1, c0) P =2x < =2 JUE LS ww
Rewrite as —2x < —2: ) x>1
x>1

Question 1.2.43. Solve the inequality 3 <2x+1 <7.
A) (1,3]
B)[1,3)
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C) (1,3]

D) [2,4]
E) None of these choices

Answer: A) (1,3]

Break the inequality into two parts and solve each:

1.3<2x+1

=>2x>2

=x>1

2.2x+1<7

=>2x<6

=x<3

Combining these, we get 1 < x < 3, or (1, 3].

31

e e s s 00 bl g
3<2x+1.1

=2x>2

=>x>1

2x+1<7.2

=2x<6

=>x<3

C(1,3] 1< <3 Lo kgl g

Question 1.2.44. Find the solution set of -4 <3x -1 < 5.

A) (-1,2]

B) [-1,2)

Q) (-1,2)

D) [0,2]

E) None of these choices

Answer: B) [-1,2)

Separate into two inequalities and solve:
1. -4<3x-1

= 3x 2> -3

=x>-1

2.3x-1<5

=>3x<6

=>x<2

Solution set: [-1,2).

Linear Inequalities involving the absolute value

e 05 s ol J) bl s
-4<3x-1.1

=3x>-3

=x>-1

3x-1<5.2

=3x<6

=>x<2

L) YA degesr

Understand the Definition of Absolute Value: Recall that the absolute value of a number repre-
sents its distance from zero. For an inequality like |x| < g, it implies —a < x < 4, and for |x| > 4, it

implies x < —a or x > a.

o 13 JU o o mall e oim 56 sud Gallall 2l o) ST cdillall L@l Gy o
.x>a jx<—ag'\.u_.‘,'\@.éa x| >a <o 131 —A<X<a G e ¢« x] <a il
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Isolate the Absolute Value Expression: Make sure the absolute value is by itself on one side of
the inequality. For example, in |2x + 3| < 7, the absolute value is already isolated.

M&.Q@\g}»i&;ﬁpgj& Glladl 2o s 31 e 5T s Tl @ s J5e
el Ugome Gllal) L@l Qb 2043 <7 5 W)

Rewrite the Inequality Without Absolute Value: Depending on the type of inequality:

e For |x| < a: Rewrite as —a < x < a.
e For |x| > a: Rewrite asx < —a or x > a.

For example, [2x + 3| < 7 becomes =7 < 2x +3 < 7.

Al gy e b Tlll 2l g Tl B Esle)

cma<x<a Ko fe Wl LT ssle] xf <a ook 1) e
.x>a;‘x<—a S s Ll LS dsle] x| >a cob13) o

=7 <2x+3<7 JWISRx+31<7 bl el JUT o e

Solve the Resulting Compound Inequality: Break the compound inequality into two parts and

solve. For example, -7 < 2x +3 < 7 becomes: —7 < 2x+3 and 2x + 3 < 7. Solving these gives
-5<x<2.

L0 LM Bl o

s 7 <2x+3<7 Ll oo WJA o do logte S ey 00a ) A0 LA f\.,..a..; (e

L5222 fo et olladl oda J2 2043 <7 9 7 <2x+3 bl s

Graph the Solution (Optional): Represent the solution on the number line. Use closed circles for
inclusive inequalities (<, >) and open circles for strict inequalities (<, >).

(2 ) Blal) Sl s s pasiad sl s e 41 iz 7 s(gobish 2 o,
el A P e e 98 WS¢ <> ) Dol L) dsgtae Slss

Example 1.2.19.

Solve the inequality |x — 3| < 4 and sketch the solution on the real line.

Solution

Step 1: Understand the Absolute Value Inequality The inequality |x — 3| < 4
means the distance between x and 3 is less than 4 on the number line.

Step 2: Rewrite Without the Absolute Value To remove the absolute value, rewrite
the inequality as a double inequality: —4 < x -3 < 4.

Step 3: Solve for x Solve the double inequality step by step:

Add3toallsides: —-4+3<x-3+3<4+3 = -1<x<7.
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Step 4: Interpret the Solution The solution is all values of x between —1 and 7,
not including the endpoints. In interval notation: x € (-1,7).
Step 5: Verify the Solution Test values within and outside the interval:

e Pick x = 0 (inside): |0 — 3| = 3, which satisfies |x — 3| < 4.
e Pick x = =2 (outside): | — 2 — 3| = 5, which does not satisfy |x — 3| < 4.

Final Answer: The solution is: x € (—1,7).

Figure 1.5: Representation of the open interval (-1,7) on the real line

Example 1.2.20.

Solve the inequality |x — 3| > 3 and sketch the solution on the real line.

Solution

Step 1: Understand the Absolute Value Inequality The inequality |x — 3| > 3
means that the distance between x and 3 on the number line is at least 3.

Step 2: Rewrite Without Absolute Value The inequality |x — 3| > 3 can be rewritten
as two separate inequalities: x—3< -3 or x-32>3.

Step 3: Solve Each Inequality

1. Solve x =3 < -3: x < 0.

2. Solvex—32>3: x> 6.

Step 4: Combine the Solutions The solution is the union of x < 0 and x > 6. In
interval notation: x € (—co0, 0] U [6, 00).

Step 5: Sketch the Solution on the Real Line Below is the graphical representation
of the solution. The solution is: x € (—c0, 0] U [6, 00).

® f f f

o ]

Figure 1.6: Representation of the union (—oo, 0] U [6, c0) on the real line

Exercises on Linear inequalities involving the absolute value

Question 1.2.45. Solve the absolute value inequality |2x — 3| < 5.
A) [-1,4]

B) (-1,4)

C) (1,5]

D) (-5,5)
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E) None of these choices

-5<2x-3<5 JU¥ Lk skl ldl s
Answer: A) [-1,4] )

Rewrite as —5 < 2x — 3 < 5 and solve: 5<9 ;}si
1.-5<2x-3 EET
= ox> 2 =2x>-2
:>x2_1 :>x2—1
2.2x-3<5 2x—-3<5.2
=2x<8 =>2x<8
=>x<4

>x<4

Combining, we get x € [-1,4].

cxe[-1,4] Lo fas (i) s

Question 1.2.46. Determine the solution set of |x + 2| > 3.
A) (=00, =5) U (1, )

B) (=00, =5] U [1, o0)

C) (=00, -1) U (5, c0)

D) (-5,-1)

E) None of these choices

Answer: A) (—oco0, —5) U (1, o) W Ll s
Rewrite as two inequalities: i
l.x+2>3=x>1
2.x+2<-3=>x<-5
Solution: x € (—oo,—5) U (1, o). - X € (=00, =5) U (L, 00) s* S desez

x+2>3=>x>1.1

x+2<-3=>x<-5.2

Question 1.2.47. Find the solution set of [3x — 4| > 2.
A) (=00,2/3]U[2,00)

B) (—o0,4/3]U[1, )

C) (0,3)

D) [0, 3]

E) None of these choices

Answer: A) (—00,2/3] U [2, ) W Ll s

Rewrite as two inequalities: 3x—4>2=xr>2.1

1.3x—-4>2=>x2>2 4<-2 2 9
2.3x—4§—2:>x£§ J-dz2=zx=<3.

Solution: x € (—o0,2/3] U [2, o). - X € (=00,2/3]U[2, ) [ JA“ iege2

Question 1.2.48. Solve the inequality 2x +5 < 2x — 3.
A) (=00, )
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B) 0

C) (0, 00)

D) (—0,0)

E) None of these choices

Answer: B) 0

Subtract 2x from both sides: e o 2 Cf‘d
5<-3 5<-3
Since this is a contradiction, there is no solution. L0 J) dogez . Jo am g V@bl s J\[

Solution set: 0.

Question 1.2.49. Find the solution set of the inequality [3x + 1| > -2.
A) (=00, )

B) 0

Q) (0,0)

D) (—0,0)

E) None of these choices

Answer: A) (—co, ) oo AT il e W Gl 23 of
Since the absolute value is always non-negative, it Ll ) . L L
is always greater than or equal to —2. Thus, the  ~°% &S Ji! desex ‘&; 13 T2 S

solution is all real numbers: (—co, o). . (-00,00) 4334

Question 1.2.50. Solve the inequality 4x —7 > 4x + 2.
A) (_OO/ OO)

B) 0

Q) (0, 00)

D) (—0,0)

E) None of these choices

Answer: B) 0 :Q&é)a)\ %w 4x CJLJ
Subtract 4x from both sides: -7>2
722 o S gt e U ) bl (sl tin o e

Since this is a contradiction, the inequality has no
solution. Solution set: 0. -0

Question 1.2.51. Determine the solution set of [5x — 2| < —1.
A) (=00, )

B) 0

C) (0, 00)
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D) (-0,0)
E) None of these choices

Answer: B) 0 . ) ..
Absolute values are always non-negative, so they J—T" O j—<5 ol ug" Y AWl e Wy Gl (@Jl
cannot be less than —1. Therefore, the solution set is L0 JA! ez JUL . 1 >
0. ) N

Question 1.2.52. Solve the inequality |x — 3| < 0.
A) (—00, 00)

B) {3}

Q) (0, 00)

D) (—o0,0)

E) None of these choices

Answer: B) {3} Cx=3=20 of \.Sj [ Qj—ﬁ Gl 2.3
The absolute value is zero only if x —3 = 0, so x = 3. 31 J:U - o3 Jtﬂb
Solution set: {3}. : Nl g X =0 S

Linear inequalities in non-standard form

Simplify and Analyze Critical Points: Rewrite the inequality from the non-standard form -4 <c¢
into a standard form a < c(x — b) taking into consideration the sign of (x — b). Identify critical points
from (x —b) = 0.

L 5ole) Je) o fo ol aol o oSOl o dulal) 87 Bls] s A1 LG Js g Lo
(=) L) JLze¥l 3 ds Yl mea <e@—b) el Kl ) g <o ol g R e )
(=0 =0 0 > Al Ll sue

Solve for Each Case: U f J~

e For (x—b) > 0, solvea < c(x — b). asclx=b) Jo ¢ (x=0)>0 Lais o
e For (x—b) <0, solvea > c(x — b). azcx=b) Jo ¢ (x=b)<0 kas o

Combine Solutions: Combine solutions from both cases while excluding the critical point x = b to
ensure the denominator is not zero.

Bao ol ¥ PGl o Gled ¥ =b 2 A1 2] slaid o OB e Qs 2 3 idsldl g
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Example 1.2.21.

Solve the inequality xSTg > 2 and sketch the solution on the real line.

Solution
Step 1: Understand the Domain
The term x — 3 in the denominator must not be zero. This gives the restriction:
x # 3. and since 5 > 0, the term x — 3 must be strictly positive i.e. x > 3.
Step 2: Rearrange the Inequality
Multiply both sides by (x — 3), which is always positive, to avoid changing the
inequality’s direction:
5 11

> > 2(x — — >
x_3_2=>5_2(x 3) = > > x

Step 3: Take the intersection between x < 12—1 and x > 3
Thus, the solution is: x € (3, %].
Step 4: Sketch the Solution on the Real Line

Figure 1.7: Representation of the semi-open interval (3, '] on the real line

Example 1.2.22.

Solve the inequality 1f—x < 2 and sketch the solution on the real line.

Solution

Step 1: Determine the Domain The denominator 1 — x must not be zero: 1 —x # 0
implies x # 1. Thus, x = 1 is excluded from the solution.

Step 2: Rearrange the Inequality Multiply both sides by (1 — x) and consider the
twocasesx—1>0and x—1 < O0:

3<2(1-x) and 1-x>0 or 3>2(1-x) and 1-x<0.
This leads to
3<2-2x and 1>x or 3>2-2x and 1 <ux.

Simplify

—§>x and 1>« or —%<x and 1<ux.
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By merging the results, we get

—— >x or 1<x
2

Step 3: Combine the Results The solution is: x € (oo, —%) U (1, o0).
Step 4: Sketch the Solution on the Real Line

L 4

s | | | | ,
A} T T Uy Uy Uy " T A

-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 1.8: Representation of the union of intervals (—co, —%) U (1, o) on the real line

1.2.7 Exercises on Linear inequalities in non-standard form

Question 1.2.53. Solve the inequality & > 6.
A) (=0,2)

B) (2,4)

C) (3,4)

D)x>6

E) None of these choices

Answer: C) (3,4)

Step 1: Determine the Domain

The denominator 4 — x must not be zero:

4—-x#0 = x#4

Step 2: Rearrange the Inequality

Multiply both sides by (4 — x), which is always pos-
itive:

2=>6 = 6>6(4-x).

Step 3: Simplify the Inequality

Distribute and simplify: 6 > 24 — 6x. Rearrange the
terms: 6x >24—-6 — 6x > 18.

Divide through by 6: x > 3.

Step 4: Exclude Undefined Points

From Step 1, x = 4 is excluded from the solution.
Final Answer: The solution is: x € (3,4) U (4, o).

SLG\JA o x :u}f J= (;‘ (4-x) d ou.\aJ\ uj\p‘
- (3,00) iy~ 2

<o.
x—3_5

Question 1.2.54. Find the solution of
A) (3, )

B) (—o0,5) U (3,5]

C) (—00,5) U (5, 0)

D) [2,3) U (3, )

E) None of these choices
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Answer: D) [2,3) U (3, )

Step 1: Determine the Domain

The denominator x —3 # 0, so x # 3.

Step 2: Rearrange the Inequality

Multiply both sides by (x — 3), which is always pos-
itive: =% <5 = -5<5(x-3).

Step 3: Solve for x

Simplify: -5 <5x—-15 = 10<5x = x>2.
Step 4: Exclude Undefined Points

Since x = 3 makes the denominator zero, exclude it:
x €[2,3)U (3, x).

39

Jdl a1 Gyl

.x#3 L")\ﬂb,jz x=3#0 fLE.ll

WLl oy kel : 2 Golatl

s W aag o (1-8) 5 ol X o
%sns — -5<5(x-3).

X Jo i 3 Seladl

—5<5x-15 = 10<5x = x2>2. 1wy

ez x=3 o1 e @ all g LG sl : 4 4lad)
X €[2,3) U (3,0). :0mnind v ol

Question 1.2.55. Determine the solution of % < 3.

A) (=00, 1) U (1, 0)

B) (—o0,1) U (L, %)

Q) (L3

D) (1, )

E) None of these choices

Answer: C) (1, %)
Multiply both sides by (x — 1)2, solve, and account
for the domain x # 1.

ol sl o o PRGN IV BLGEPE
Lx#1

Question 1.2.56. Find the range of 4>,

x+2 =

A) (=00, =3] U (=2, 00)

B) (-3, )

C) (o0, -2)U(=2,-1)
D) (—o0,-3)

E) None of these choices

Answer: A) (—co0, —3] U (=2, )
Rewrite as 4 > x + 2, solve for x, and exclude x = —2.

caolgy o fdzae2 JUS L sl

Lx=-2 )Lu,w‘ce

Question 1.2.57. Solve the inequality 2= > 4.

A) (—OO, _5) U (_5/ g)

B) (=00, —6) U (=5, )

C) (_5/ _%)

D) (-6, o)

E) None of these choices
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Answer: C) (—5,—%) i . 2 5l i
Multiply through by (x +5)%, solve, and exclude = @0 d= ¢ ¢« (48 Ol 56 o
e .x=-5



CHAPTER

Non-Linear Equations and
Inequalities

2.1. Quadratic Equations

A Quadratic Equation: is an equation of the
form:
ax* +bx +c = 0.

where g, b, and ¢ are constants, and a # 0. The
goal is to find the values of x that satisfy the
equation. The quadratic equation represents a
condition that must be true for certain values
of x.

A Quadratic Function: is a function of the
form:

flx) = ax® +bx +c.

wherea, b, and c are constants, and a # 0. In this
case, f(x) represents the output for any input
x. The quadratic function defines a parabolic
curve when graphed, but it is not an equation
to solve—it maps values of x to values of f(x).
The Key Differences between function and
equation is:

e A quadratic equation requires solving
for specific values of x where the equa-
tion equals zero.

e A quadratic functionis arule thatassigns
an output f(x) for each input x, and it can
be graphed as a parabola.

41

2.1.1 Short review on Quadratic Equation and Quadratic Function

p‘&; U:L..eda Lmy A HE W]
ax? +bx+c=0.

LY ode Gas g"5'(”3( (@:B"!}a
VKUJ\&.& Ubda Lmy A DI

f(x):ax2+bx+c.
U‘.U‘.a;toj‘;,qwgacjbjaog\@
Ay x )l ) G et Liny A
Ui s G olad 8 Lo s
gn Dalally DI Oy 2 a3
5 sl ) s deew ) 5Ll 1
el § gl Doladl (565 G
x oMl v b 5 BMe a dmg Al DI 2
ey s e sy ¢ f0) ol ALy

x J

"."
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Both share the same algebraic structure but serve different purposes: one involves
finding specific solutions, and the other involves mapping inputs to outputs.

(opll g f0) = =120 Bl LG LG OLd

Ld s « x=0 u,u;:y”,dtc.cbmlw 34 v = f(x)
: fx)
zAk
f(0) =07 -1 =-1.
. (0,-1) & v e=dl & dgu..l\ s () 14+
¥ adl me bl bl af s x gl mo bl b “ o

d u‘ ;. 2—1:03\‘.“ - . 1 } |
S e el 3 2 \/ 2 3
¥ =1. -

¢ ©)
b g (w30 ey A0 sl /
3 ol
x ==+l
- (1,0) 5 (=1,0) P & S ) C“uﬂ‘ Ll o)) Figure 1. Quadratic Function with two Real
x gzl & CLLE;U olams fx) =22 -1 Yl 2ot Roots x; = =1 and xp = 1 for the function
Y sl me Bamly wbls iy (1,0) 5 (-1,0) Loay ¥ -1=0.

f@)=G=12=0 A bt blis s

o fO=E-12=0 YW Ll Le old
Y osrlly ¥ enll g QB B o Lm0
;‘%:;M'4x=0uv\;$:y4,},‘l|ccbm‘w1.
: f)

y=f()

fO)=(0-17=1.
01 2y el e abladl Qa3
o bl b ag s x el e b Wi 2, "

Sl asb L 1220 bl o b e x el 5 5 M
;R S A

x-1=0=>x=1
dass (1,0) & x j,.l‘ & daw‘ dads (03] Figure 2. Quadratic Function with One Real
& sasly C“L“ 2(.\4.1}- f) = (=12 VNl Lo Root x = 1 for the function (x — 1)? = 0.
S(0,1) Wy el e bl daiiy (1,0) s x 9l
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f@)=(x-12+1=0 YW L bl s
& f(x)=(x—1)2+1=() Ul Cbu‘ﬂ‘ L ul.,«..;

St Dol g 5 dle oo 18] Le o e sl y=f&)
oy s ]
:x=0 L Lod AL ! G 1.
X=0 ke f(3) i 4% 5 Yyl o b ,
fO)=0-12+1=1+1=2. T
2 (0,2) oo x=0 L I dads (03) 2\ 50
Ll g L =0 05 ol el o ox 11
(x-1)%2+1=0
(x-1)2%=-1 s e Jyamdd Dldl Ly aw % % —0 = % %
: 5y e G . : 30 02 A 1 2 3 ¥
5.5‘ s oY (daadl slaey! g Jo W Usldl oda
L ey Yl WL oo ol (Ke ¥ Gds sas 1T
Fonll o i Figure 3. Quadratic Function with No Real
LEJ Jou.» — _12 1 U"\n oK " ‘ igure 5. uadratic function wi O kea
& & W o S = ,) " . — Roots for the function (x —1)% + 1 = 0.
Remark. Same analysis can be done for the quadratic function with down con-
cavity. See figures below:
y
2 .
y 2 T+
2+ 1+
1 1 2 ¥
-1 +
X
-2 #/00)
y=f(
y=f(
Figure 4. Parabola with Two In- y = f(x)
tersections. Figure 5. Parabola with One In-
tersection. Figure 6. Parabola with No In-
tersection.

2.1.2 Exercises

Question 2.1.58.
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Solve the quadratic equation x> —=5x+6=0. A)x=-2orx =3
B)yx=2orx=3

Ox=6

D)x=-1

E) None of these choices

Answer: By x=2orx =3 . - . -
Factor the quadratic equation: Gt el S

(x=2)(x-3)=0. . (x=2)(x-3)=0

So,x=2orx=3. .x:3;‘x:2zl3j

Question 2.1.59.

Solve the quadratic equation x> + 6x +9 = 0. A)x = -3

B)x=3
C)x=-2
D)x=-1

E) None of these choices

Answer: A) x = -3

Factor the perfect square: NN CjJ‘“ Jelm P 3o
(x+3)%2=0. . (x+3)2=0
So, x = -3. .x:—3xlgj

Question 2.1.60.

Solve the quadratic equation x> —4x—5=0. A)x=5andx =1
B)yx=2orx=1

C)x=0o0rx=1

D)x=5and x = -1

E) None of these choices

Answer: A)x =5and x = -1 (W) &l Dl P

Use the quadratic formula: ‘= ~(-DEVEH*-4)(-5) _ 42 VI6+20 _ 4£V36 _ 4+6

¢ = ZEHEVEAMEE) | 4x VI6H20 _ 4236 _ 416 21) Z 2 2
= 2(1) = 2 ="2 T2 .

Thus, x =50rx = —1. . ”
cx=-1 ol x=513

Question 2.1.61.
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Solve the quadratic equation x> +4x+5=0. A)x=1

B)x=-1
C) No real solution
D)x=0

E) None of these choices

Answer: C) No real solution
The discriminant A = b? — 4ac is negative: sl A =12 —dac el
A= 42 —4(1)(5) =16-20=—-4. LA = 42 _4(1)(5) =16-20 = -4

Since the discriminant is negative, there is no real L . ) 5
solution. N Jdl O e

Question 2.1.62.

Solve the quadratic equation x> =9 =0. A)x=1orx =-3
B) x ==

COx=3

D)x=3and x = -3

E) None of these choices

Answer: D)x =3 orx=-3

Wnm e Gy G e o 5B

Factor the difference of squares:

(x=3)(x+3)=0. . (x=3)(x+3)=0
So,x =3 orx=-3. .x=-3 ;\x:?ulgj
Question 2.1.63.

Solve the quadratic equation x?> +2x =3. A)x =1orx = -3
B)yx=2orx=-1

Ox=1

D)x=0

E) None of these choices

Answer: A)x=1orx=-3
First, move the 3 to the left:
x?+2x-3=0.

Now, factor: J'u (;
(x-1(x+3)=0. L (x=Dx+3)=0
Thus, x =1orx = -3.

PN EN PR PN
.2 +2x-3=0

.x=-3 ;\x=1¢\§j

Question 2.1.64.
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2 andx=1+2%

. . 2 _ _ 2
Solve the quadratic equation 2x“ —4x+1=0. A)x=1 NG 7

—1_- L - 1
B)yx=1 \ﬁandx—1+\/E

- _1_ L - 1+ L
COx=-1 \/Eandx— 1+\/§

D)x:20rx:%

E) None of these choices

Answer: B) None of these choices W) & W) Usles . TN

Using the quadratic formula:

_ (DEVEDHHAQQD) | 42416-8  _ 4xVB

= 20) = 1 = i = _ (V4 -4Q(1) _ 4+V16-8 _ 4:V8 _ 4422 1
= 20) =1 Z

22 _ === =
=l

NS

+

PN

S
R

Question 2.1.65.

Solve the quadratic equation x> +8x+16 =0. A)x =4
B)x=-4

Ox=0

D)yx=-2

E) None of these choices

Answer: B) x = —4 i )

This is a perfect square: $ o8 C,rl Uslas 0da
(x+4)%2=0. L (x+4)2=0
S0, x = —4. x=—4 5

Question 2.1.66.

Solve the quadratic equation x>~ 16 =0. A)x=4and x = -1
Byx=—-4andx =1

Cx=-4and x =4

D)x=-16and x =16

E) None of these choices

Answer: C)x =4orx=—4 . o 3l 13

This is a difference of squares: Gl
(x—4)(x+4) = 0. L (x—-4)x+4) =0
So,x =4 orx = —4. Lx=-4 ;\x:4<lgj

Question 2.1.67.
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Solve the quadratic equation x> +x—2=0. A)x=2and x = -1
By x=-2andx=1

C)x=-2

D)x=1

E) None of these choices

Answer: B)x = -2orx=1

. -, w‘ - '\J‘ ;J L-A * .
Using the quadratic formula: i N pdedens

r= ZIEVAPAMED) | 12 VIH8 _ 10 _ 123 P O S BB E S P
= 70 =5 = e = 8 2(0) 2 2 Ly
Thus, x = —2orx=1. .x=1 j\x:—lef»\

Question 2.1.68.

Solve the quadratic equation x> +6x+9 =0. A)x=3
B)x=-3

CO)x=0

D)x=6

E) None of these choices

A :B)x=-3
nswer: B) x :JAK@/‘ Lag J Uolas 0l

This is a perfect square trinomial:

(x+3)2=0. . (x+3)2=0
So, x = =3 is the only solution. Ayl Al e x=-3 ¢l.f>j
Question 2.1.69.

Solve the quadratic equation x? + 4x + 8 = 0. Does it have a solution? A) x = 2 or
x=-2

B) No real solution

COx=4

D)x=-4

E) None of these choices

Answer: B) No real solution
The discriminant is negative: ;I A =12 —dac l!
A =b?—4ac =42 -4(1)(8) = 16 -32 = —16. CA=42_41)8)=16-32=-16

Since the discriminant is negative, there is no real o . ) K
solution. WG JE o 20 AL el O e

Question 2.1.70.
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Solve the quadratic equation x? + 10x +25=0. A)x=5

B) x = -25
C)x=-5
D)yx=2

E) None of these choices

Answer: C)x = -5

This is a perfect square trinomial: :JA i Gfl em i ot
(x+5)2=0. . (x+5?2=0

So, x = =5 is the only solution. Aol Al g x=-5 A3

Question 2.1.71.

Solve the quadratic equation x> =25 =0. A)x =0
B)x=5

C)x=-5

D)x=50rx=-5

E) None of these choices

Answer: A)x =5o0rx=-5
This is a difference of squares:
(x =5)(x+5) =0. . (x=5)(x+5)=0

So,x =5o0rx = —5. .x=-5 ;\x:5¢13j

Question 2.1.72.

Solve the quadratic equation x> =0. A)x =0
B)yx=2

O x=-2

D) No solution

E) None of these choices

Answer: A) x =0 .
Since x> = 0, we only have one solution: x = 0. cx=0 ¢a ol AL =0y

Question 2.1.73.

Solve the quadratic equation x? + 1 = 0. Does it have a solution? A) x = —1 or
x=1

B) No real solution
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Ox=0
D)x=1
E) None of these choices

Answer: B) No real solution
The discriminant is negative:
A = 1% —4ac = 02 - 4(1)(1) = —4.

Since the discriminant is negative, there is no real

solution.

Question 2.1.74.

Solve the equation x* — 5x% + 6 =

Byx=1lorx=-1

Q) x=+V2orx==+13
D)x=0

E) None of these choices

Answer: C) x = i\/iorxz i\/§
First, substitute y = x2:

y? -5y+6=0.

Now, solve the quadratic:
(y-3)y—2)=0,s0y=3o0ry=2.
Since y = x2, we have x2 = 2 or x2 = 3.
Thus, x = + V2 or x = + V3.

Question 2.1.75.

Solve the equation x* +2x*> — 8 =

B)x= V3andx =-3
C)x==+2
D)x=+V2

E) None of these choices

49

;I A =12 —dac l!
CA=0%2-4(1)(1) = -4

.&L&»ﬁwzgu;&l‘ju

0 by substituting y = x2. A)x= V3orx=-3

Dy =x2 d.,uc\fj

.Y -5y+6=0

i A D)

Ly=2 5y=3 Bl w-3)y-2=0
.x2:35ix2:2 Lo y=x2 ol ke
.x=%xV3 Jx:i\/_(\gj

0 by substituting y = x>. A)x=2and x = -2
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Answer: D) x = +2

First, substitute y = x2:
y2+2y—8=0.

Now, solve the quadratic:
(y+4)(y—-2=0,so0y=—-4ory=2.

Since y = x2, discard y = —4 (no real solution), and

keep y = 2.
Thus, x = + V2.

Question 2.1.76.

cy=a2 Jug N
.2 +2y—-8=0

cy=2 y=—4 13 (y+4)y-2)=0

Jo aas N N y=—4 amin o y=22 Ol

sl

X =+ 24‘31

Solve the equation x* — 4x? = 0 by substituting y = x>. A)x=2and x = -2

B)yx=1land x = -1
C)x=0and x = 2

D) No solution

E) None of these choices

Answer: C)x =0 orx = +2
First, substitute y = x2:

y2 —4y =0.

Now, factor:
yy—4)=0,soy=0o0ry =4
Since y = x?
Thus, x =0 or x = +2.

,we have x2 = 0 or x2 = 4.

Question 2.1.77.

:y:x2 d.\..dzfﬂji

LY -4y =0

:ZJ:L..HJ.B.

.y=4 jy:O Lfvj( yy-4=0
=4 ?=0 LW oy=2 3k

Lx =42 jx:OAZl

Solve the equation x* — 6x2 + 9 = 0 by substituting y = x>. A)x =3 and x = -3

B)yx=1land x = -1

Q) x=+13
D)x=0andx = +V3
E) None of these choices

Answer: C) x = +V3

First, substitute y = x2:
y2—6y+9=0.

Now, solve the quadratic:
(y-3)y—-3)=0,50y =3.
Since y = x%, we have x2 = 3.
Thus, x = = V3.

Question 2.1.78.

sy =x? JMNJT

P —6y+9=0

mg Al Dol

Ly=3 13 (y-3)y-3)=0
=3 L y=a2 ;j (V]
cx= 23 )
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Solve the equation x* — 3x> — 10 = 0 by substituting y = x>. A) x = +5

B)x=2and x = -2
Cx=1landx=-1
D)x=+5

E) None of these choices

Answer: D) x = V5 sy =22 Jas Nl
First, substitute y = x*: .2 =-3y-10=0
y?-3y—-10=0. L A Do) e

Now, solve the quadratic:
y-5w+2)=0,so0y=50ry=-2.
Since y = x2, discard y = —2 (no real solution), and Jo e N U‘Y y=-2 sl ¢« y= x2 Q“ 2
keep y =5.
Thus, x = + V5.

cy=-2 Jly=51¢ (y-5)y+2) =0

Ly =5 by« ads

X == 54‘31

Question 2.1.79.

Solve the equation ¢** + 5¢* — 6 = 0 by substituting y = ¢*.  A) x = In(1) and
x = In(6)

B) x =0 orx = In(2)

C)x=1and x = In(1)

D)x=0

E) None of these choices

13

Answer: D) x =0 ry=¢e" Jas zfﬂjl
First, substitute y = e*: ) y2 +5y-6=0
y*+5y—6=0. g A Dokl
Now, solve the quadratic: . .

(y-1)(y+6)=0,50y =1ory = —6. cy==6 sly=11] (y-1)(y+6)=0

Since y = ¢*, discard y = —6 (no real solution), and Jo aos N 4;‘\! Y=-6 dadu « y=¢* Cj e
keep y = 1. _a el -
Thus, ¢* = 1,s0 x = In(1) = 0. -y=1 )DLJ‘U. -

Lx=In(1) =0 JWLg e =1 I3

Question 2.1.80.

Solve the equation ¢ — 3¢* —4 = 0 by substituting y = ¢*. A) x = In(4) and
x = In(1)

B) x =0 and x = In(2)

C) x =1n(4)

D) x = In(4) or x = —In(1)

E) None of these choices



52 CHAPTER 2. NON-LINEAR EQUATIONS AND INEQUALITIES

Answer: C) x = In(4)

First, substitute y = e*:

y2-3y—4=0.

Now, solve the quadratic:
(y-4)y+1)=0,soy=4ory=-1.

Since y = ¢*, discard y = —1 (no real solution), and
keep y = 4.

Thus, ¢* =4, so x = In(4).

Question 2.1.81.

Solve the equation e** + 7¢* + 10 = 0 by substituting y = ¢*.

x = In(1)

B) x = In(5)

C) No real solution
D)x =0orx =In(3)

E) None of these choices

Answer: C) No real solution

First, substitute y = e*:

¥y +7y+10=0.

Now, solve the quadratic:
(y+5)(y+2)=0,s0y=-5o0ry=-2.

Since y = ¢* and the exponential function is always
positive, there is no real solution.

y=e" d.\..u\!jl

.2 -3y—-4=0

s g A U:LJ‘JJ

cy=-1 gly=4 3¢ (y-4)y+1)=0

Jo v Y N y=-1 aaild ¢« y=¢ Qi (V]
.y=4 »Lj‘&:b

x=In(4) JWu, e =4 3

A) x = In(2) or

8 y:gx dv\v.\-.’ lgji

. y2+7y+10:0

im AL Bolal)

y=-2 5l y=-5 ¢ (y+5)y+2)=0

Jo sy D i ga Ll LY DIy y = o e

Solve the equation ¥ +2e5-3=0 by substituting y = ¢*. A) x = In(1) or x = In(3)

Question 2.1.82.
B)x=0
C) x =1In(1)

D) x = In(3) or x = In(1)
E) None of these choices

Answer: B) x =0

First, substitute y = e*:

y? +2y-3=0.

Now, solve the quadratic:
(y—-D(y+3)=0,soy=1ory=-3.

Since y = ¢*, discard y = =3 (no real solution), and
keep y = 1.

Thus, e* =1,s0x =In(1) = 0.

ry=¢* d,\.uz:ﬂji

.y2+2y—3=0

gy A D5

Ly=-3 Jiy=11¢ (y-1)(y+3)=0

Jo do Y N Y=-3 dxilud « y=¢" (j (V)
cy=1 isby ¢ ad=

cx=In(1) =0 JWl, e 1 A3
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Question 2.1.83.

Solve the equation ¥ —4e5+3=0 by substituting y = ¢*. A)x = In(1) or x = In(2)
B) x = In(1) or x = In(4)

C) x =1In(1) or x = In(3)

D) x = In(2) or x = In(1)

E) None of these choices

Answer: C) x = In(1) or x = In(3) cy=ef Jas &ji
First, substitute y = e*: 2 44320
y2—4y+3=0. T

Now, solve the quadratic: oy A DLl
(y-1)(y-3)=0,s0y=1ory=3. Ly=3 sly=11@y-1)y-3)=0

Thus, x = In(1) = 0 or x = In(3). ¥ = In(3) j x=1In(1) = 0 A

Question 2.1.84.

Solve the equation X2 —4/=3. A)x=1lorx=-1
B)x=+7orx= %1

C)x=+V7orx=x+1

D) No solution

E) None of these choices

Answer: C) x = = V7 or x = +1 ol ) 5 (sl oda Jd
To solve this equation, break it into two cases: ) g .
. x=i‘/7 &Ubj( x2=7 ‘5!: x2-4=3 O

1)x%2—4=3,s0x2 =7 thusx = + V7.
2)x2—4=-3,50x% =1, thus x = +1. Cx=4+1 Jt;)\{jg 2 =1 L:,;\( X2 —4=-3 <

Question 2.1.85.

Solve the equation x2-9|=0. A)x=3o0rx=-3
B)x=9o0rx=-9

CO)x=9

D) No solution

E) None of these choices

Answer: A)x =3 orx=-3
sdallall 2ol dsles
Solve the absolute value equation: Lol Bslae J&

x> — 9] = 0 implies x> = 9 = 0. 4
Thus, x2 =9, and x = 3. . x =43 Jupjnx2:9z‘31

x2-9=0 s [¥2-9=0
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Question 2.1.86.

Solve the equation ¥2+3x—6|=4. A)x=2andx=-5

B)x:Zamdx:—5and_3’iT\/1_7
C)x=x20rx==1

-3+ V17
D) =5

E) None of these choices

Answer: B) x =2 and x = -5 and #ﬁ

Break the equation into two cases:

1)x2+3x—6 =4,50x?+3x-10 = 0. Solving, x = 2
or x = —=b.

2) 2 +3x—6 = -4, s0 2 +3x—-2 = 0. Solving,
—31;@’

Thus, the solutions are x = 2, x = =5, x = 1, and
—3+V17
==L

ol J) Doladl o

x=2 J4}. 2 +3x-10=0 1)« 2 +3x—6=4 (\
.x=—5ji

A 243x-2=0 13 ¢ 2+3x-6=-4 (y

3T o5 x=2 e Jyldl )



2.2,

2. QUADRATIC INEQUALITIES

Quadratic Inequalities

55

2.2.1 Summary how to solve Quadratic Inequalities

RN,

Solving Quadratic Inequalities:

To solve a quadratic inequality, such as
ax? +bx +c¢ > 0 or ax? + bx + ¢ < 0, follow these
steps:

1. Rewrite the inequality in standard form if
necessary, with zero on one side, for example:
ax? +bx +c > 0.

2. Solve the corresponding quadratic equa-
tion ax? + bx + ¢ = 0 to find the roots.

3. Use the roots to divide the number line
into intervals. For example, if the roots are x;
and xp, the intervals are (—o0,x7), (x1,x2), and
(x2, ).

4. Test each interval by choosing a point
in each to determine whether it satisfies the
inequality. Substitute the test point into the
inequality.

5. Write the solution based on the intervals
that satisfy the inequality.

Example: Solve x*> —4 < 0.

1. Rewrite as (x — 2)(x + 2) < 0.

2. The roots are x = =2 and x = 2.

3. Test intervals: (—o0, —2), (-2,2), (2, ).

4. Only the interval (-2,2) satisfies the
inequality, so the solution is =2 < x < 2.

dmg A A S

j ax? +bx+c>0  Jo (dmy i Gl 4
(W) olgladt | C‘J“ ax?> +bx+c<0

055 Gt el KAl tylalt gk a1
L4 bx 40> 0 e (asly L 3ol

ax? +bx+c=0 LK {my A sdl Jo . 2
(3D sadl a2y

ol ) st Ls i 593l pasiid 3.
ol ¢ xn g xp aeddd oo 1)
. (x2/ OO) 9 ¢ (xler) ¢ (_Oolxl)

f&‘b MJL:B‘&JL&UGJJ}B‘&
e fwu‘ sag e B L wasy 840
Al g5k dazd)

Ald) et A ol fe dy A 3.5

2 —4<0 Jo : b

DT A1 U - VA B §
(x=2)(x+2)<0.

Xx=2 gx=-2 gan.'\.:UZ

(2,00). ¢ (=2,2) ¢ (—00,-2) :lAW! L=l 3.
((-2,2) » wldl i J sasgll BAa 4.
" L 2<x<2 s J41 13

JE)

Figure 7. The open interval (-2, 2).

Exercises

Question 2.2.87.

Solve the inequality x> =4 < 0. A) [-2,2]

B) (2, 00)
C) (—0,2)
D) (-2,2)
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E) None of these choices

Detailed Solution. Answer: A) [-2,2]

Rewrite the inequality as (x —2)(x +2) < 0.

1. Factor the quadratic expression: x2—4=x-2)(x+2).

2. Set each factor equal to zero to find the boundary points:

x—2=0=>x=2

s = 0= =

3. Plot these boundary points on a number line, dividing it into intervals: (—oo, —2),
[-2,2], and (2, ).

4. Test values in each interval to determine where the inequality holds:

-In (=00, -2): choose x = -3; (x —2)(x +2) = (-3-2)(-3+2) = (-5)(-1)=5>0
-In[-2,2]: choose x =0; (x —2)(x+2) =(0-2)(0+2) = (-2)2)=-4<0

-In (2,00): choose x =3; (x —2)(x+2) =3-2)3+2)=(1)(6) =5>0

5. The solution is the interval where the inequality is satisfied: x € [-2,2].

[_2/ 2]

Figure 8. The closed interval [-2, 2].

Jate Jo

(=2 (x+2) <0 JWE Ll LT s

P —d= (=2 +2) 5 pre ) el i 1

e Jole 5 Jam Gk o Logad] LG ag 2

x—2=0=>x=2

x+2=0=>x=-2

50 [72,2] ¢ (m00,-2) ol ) aswiiy olus¥l ls fe LU o gl -3
- (2,00)

okl e o s o U”f@ ﬁzJ&J;;'.zL

(x=2)(x+2) = (-3-2)(-3+2) = (-5)(-1)=5>0 ¢ x= -3 | : (-00,~2) } -
(=2 +2)=(0-2)(0+2) = (-2)(2) = -4 <0 ¢ x=0 [t : [-2,2] -
(x-2)(x+2) =(3-2)@+2) = 1)) =5>0¢ x=3 Ll : (2,00) } -

2 €[2,2] 1l GinD Gum 3D gn Jd1. 5

Question 2.2.88.
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Solve the inequality x> =9 < 0. A) (-3,3)
B) (3, =)

C) (—0,3)

D) [-3,3]

E) None of these choices

Detailed Solution. Answer: A) (-3, 3)

Rewrite the inequality as (x —3)(x +3) < 0.

1. Factor the quadratic expression: x> =9 =(x-3)(x+3).

2. Find the boundary points by setting each factor equal to zero:
x=-3=0=>x=3

x+3=0=>x=-3

3. Divide the number line into intervals based on these points: (-0, -3), (-3, 3),
and (3, o).

4. Test values in each interval:

-In (—o0,—3): choose x = —4; (x —=3)(x+3) = (-4-3)(-4+3)=(-7)(-1)=7>0
-In (-3,3): choose x =0; (x —=3)(x+3)=(0-3)(0+3)=(-3)3) =-9<0

-In (3, 00): choose x =4; (x —3)(x+3)=4-3)4+3)=1)(7)=7>0

5. The solution is the interval where the inequality is satisfied: x € (=3, 3).

(_3/ 3)

®
O)

Figure 9. The open interval (=3, 3).

Jare Jo

C(x=3)(x+3) <0 JUE Ll LU s

=9 = (x=3)(x+3) 1 ro Al el i . 1

i ol Jale 5 Jag Logad] LI o . 2

x—=3=0=>x=3

x+3=0=>x=-3

L (3,00) 3¢ (=3,3) ¢ (~00,-3) : Ll oda o iy ol ) slasYl s pis .3
13RS Jf&; (MJ‘ K= 4

(x=3)(x+3) = (-4 -3)(—4+3) = (7)(~1) =7 >0 ¢ x= —4 k& : (—00,—3) _j -
(x=3)(x+3) = (0-3)(0+3) = (-3)(3) =—9<0 ¢ x=0 k< : (-3,3) j -
(x=3)(x+3) = (4-3)A+3)=)7)=7>0¢ x=4 k< : (3,00) j -
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cx€(=3,3) sl Gams G 34 g8 1.5

Question 2.2.89.

Solve the inequality x2—6x+8>0. A)(—c0,2]UJ[4, o)
B) (2,4)

Q) (-3,3)

D) [-3,3]

E) None of these choices

Detailed Solution. Answer: A) (—o0,2] U [4, o0)

Rewrite as (x — 2)(x —4) > 0.

1. Factor the quadratic expression: X2 —6x+8 = (x—2)(x — 4).

2. Find the boundary points by setting each factor equal to zero:
x—2=0=>x=2

x—-4=0=>x=4

3. Divide the number line into intervals based on these points: (—o0, 2), [2,4], and
(4, 00).

4. Test values in each interval:

-In (—09,2): choose x =0; (x —2)(x —4) =(0-2)(0—4) = (-2)(-4) =8>0

-In (2,4): choosex =3; (x-2)(x—4)=3-2)3-4)=(1)(-1)=-1<0

-In (4, 00): choose x =5; (x —2)(x—4)=(5-2)5-4)=3)(1)=3>0

5. The solution is the union of intervals where the inequality is satistied: x €
(—00,2] U [4, ).

(—oo, 2] [4/ OO)

® 1 1
4 8 6

N O

Figure 10. The union of intervals (—oo, 2] and[4, ).

Jraze Jo

C(=2)(x—4) 20 JUE Ll LT s
x4 8= (x—2)(x—4) 1 g A _geadl g 1
e Jole 5 Jnt agad] LN a2
x=-2=0=>x=2

x—4=0>x=4
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C(4,00) 5 [24] ¢ (—00,2) bl sds e f ol ) slasYl s i3
13RS J{&,@ r“‘“\‘ A& 4

(x—2)(x—4) = (0-2)(0-4) = (-2)(-4) =8>0¢ x=0 & : (=00,2) i -
(x-(x—4)=(3-2)B-4=A)(-1)=-1<0¢ x=3 < : (2,4) -
(=2 —-4)=(-26E-4)=G)1)=3>0¢ x=5 < : (4,00) j -

%€ (=00,2]U[4,00) :Zylal] GimT om LR T ga 1. 5

Question 2.2.90.

Solve the inequality x> —16 < 0. A)[—4,4]
B) (4, )

C) (—o0,4)

D) (—4,4)

E) None of these choices

Lraies 444 (- +4) <0 JUE Ll LS aw
Rewrite as (x —4)(x +4) < 0. =

This inequality holds when x € [—4, 4]. R R

Figure 11. The closed interval [—4, 4].

Question 2.2.91.

Find the solution set of ¥ —36 < 0. A) (=6, 6)
B) (6, =)

Q) (—0,6)

D) [-6, 6]

E) None of these choices

Answer: D) [-6,6] S (x—-6)(x+6) <0 Juk Llal) L aw

Rewrite as (x — 6)(x + 6) < 0. . o e e
The inequality holds for x € [-6, 6]. XE[6,6] 055 Lok S
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Figure 12. The closed interval [-6, 6].

Question 2.2.92.

Determine the solution set of x> + x —6 > 0. A) (=c0,3] U [2, o)
B) (=00, =3] U [2, )

C) (-0, =3]U[-2, )

D) [-2,3]

E) None of these choices

SETER 18) (269, ~6] U103 L +3)(x—2) 20 JuF Ll Lk aw
Rewrite as (x + 3)(x —2) > 0. 5

The inequality holds for x € (—co0, =3] U [2, o). & E (ew, IV 03& bolite Sl Hu‘

(=00, -3] [2, o)

®
N @

Figure 13. The union of intervals (—co, =3] and|[2, o).

Question 2.2.93.

Solve the inequality x> = 5x +6 > 0. A) (2,3)
B) (2, )

C) (=00,2) U (3, )

D) [-3,3]

E) None of these choices

Answer: C) (—o0,2) U (3, 0) (x=2)(x=3)>0 JL"JV wlall LS aw

Rewrite as (x — 2)(x — 3) > 0. . e
The inequality holds for x € (—c0,2) U (3, c0). cEelEmDUE ) of bt Al

(—OO, 2) (3/ 00)

-6 25 -4 -3 -2 =1l 0 1 2 3 4 5 6

Figure 14. The union of intervals (—co,2) and(3, o).

Question 2.2.94.
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Find the solution set of the inequality x> +2x < 0. A) [-2,0]
B) (—o0,0)

O) (0,2)

D) (0, o)

E) None of these choices

Answer: A) [-2,0] Cx(x+2) <0 JWE Ll L s

Rewrite as x(x +2) < 0. . o 93 oo
The inequality holds for x € [-2,0]. XE[200 055 Lok S

o
°

Figure 15. The closed interval [-2, 0].

Question 2.2.95.

Solve the inequality x2=2x—=8>0. A)(—co,—2]U[4,c0)
B) (2,3)

C) (-3,3)

D) [-3,3]

E) None of these choices

Answer: A) (=00, —2] U [4, =) S +2)(x—4) 20 JWE Ll L s
Factor: x2—2'x—8 =(x+2)(x—4). cx=4 gx=-2 :Lseadl LG
Boundary points: x = -2 and x = 4.

_ ’_2 . o W L\:.H - ‘ e ‘ L:>.‘
Test intervals: inequality holds in (—oco,-2] and 5 (meo 2] G G el =

[4, ). Solution: x € (—o0, —2] U [4, o). - [4,00)

Question 2.2.96.

Solve the inequality x> +4x — 12 < 0. A) (-4, 3)
B) (-6,2)

C) (0,2)

D) [4, 3]

E) None of these choices
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Answer: B) (-6, 2)
Factor: x2 +4x — 12 = (x + 6)(x — 2). S +6)(x—2) <0 JUE Ll L aw
Boundary points: x = —6 and x = 2. Lx=2 g x=—6 :Ls9ad! LY

In order to determine the sign of the inequality, we bl 8, wasd . (6,2) sl b S el
check the value of the inequality at different points. S S - )
lefts from —6, rights from 2 and between —6 and 2. 5 =6 b D Lz L e Ll &3 e

Test intervals: inequality holds in (—6,2). Solution: ol e Gy e 2 e ST
x € (—6,2).

Question 2.2.97.

Determine the solution set for x> —x —12 < 0. A) (=00, =3] U [4, o0)
B) (0, 3]

C) (-3,4)

D) [-3,4]

E) None of these choices

Answer: C) [-3,4] A2 20 (el D (e .
Factor: X2 —x—12 = (x—4)(x +3). (=) S0 E’]u{ Mu‘ M'L( e

Boundary points: x =4 and x = —3. x=-3 gx=4 145444 LG
Test intervals: inequality holds in [-3,4]. Solution: . [-3,4] 54 G BEmT !
x € [-3,4]. -

Question 2.2.98.

Solve the inequality 2x?> —5x < 3. A) (—o0,1] U [3, o)
B) (1,4]

O) [-1/2,3]

D) (-1, 3]

E) None of these choices

Answer: C) [-1/2,3]

Rewrite as 2x% —5x — 3 < 0. C@x+1)(x-3) <0 JUE Ll LT aw
Factor: (2x+1)(x—3)$(1). L x=3 4 x~= _% i 5gad | Lzl
Boundary points: x = —5 and x = 3. L1/2,3] 540 L Gl
Test intervals: inequality holds in [-1/2,3]. Solu- ’ ’ G o Sk
tion: x € [-1/2,3].

Question 2.2.99.

Find the solution set for 3x> + x —4 > 0. A) (—c0,—4/3) U (1, o)
B) (0,4)

C) (4, )

D) (-1,1)

E) None of these choices
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Answer: A) (—co,—4/3) U (1, )

Rewrite as 3x% + x —4 > 0. CGBx+4)(x-1)>0 JWE Ll L8
Factor: (3x +4)(x — 1) > 0. o _4 "le Dsend ! Lt
Boundary points: x =1 and x = —%. ’ e . "j .

Test intervals: inequality holds in (—oco,—4/3) U - (=00,=4/3) U (1, ) S N Qw‘
(1, 00).

Question 2.2.100.

Solve the inequality x> + 4x +4 > 0. A) (—00, )
B) (0, o)

C) {-2}

D) (=00, =2) U (=2, )

E) None of these choices

Answer: A) (—0, o) C(x+22 20 Juk s
Factor as (x +2)2 > 0. o8 o a1 el alo s ) 5 Lk

Since (x +2)? is always non-negative, the inequality G B UP Al el (427 0 Lr
holds for all real values of x. Solution: x € (—o0, ). . X € (=00,00) ga uu" 2 &5 (‘"

Question 2.2.101.

Solve the inequality x> +1 < 0. A) (—c0, c0)
B) 0

C) (0, )

D) (_OO/ 0)

E) None of these choices

Answer: B) 0 cx? <=1 JWE aladl! LS s
2 —_— < < - . <
<l oo B osK ol oK 36 el g s 2 ol e

Since x2 is always non-negative, it can never be less
than —1. Therefore, there is no solution. Solution: 0. 0 J2 e d s Y ‘;_;MLU -1

Rewrite as x

Question 2.2.102.

Find the solution set for x> —6x+9 < 0. A) (—o0, o)
B) {3}

O) [3,3]

D) [3,3) U (3,3]

E) None of these choices
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Answer: B) {3} (=32 <0 JUE Ll L aw
Rewrite as (x — 3)%2 < 0. )
Since the square of any real number is non-negative,
(x-32%=0 only when x = 3. Solution: {3}. - (3} oo JA‘ cx =3 b Lais

(x=32 =0 o (Il pt > sae gl o ol e

Question 2.2.103.

Determine the solution set of x> —4x +4 > 0. A) (—00,2) U (2, o)
B) (0, o0)

C) (2, 0)

D) [2, o)

E) None of these choices

Answer: A) (—00,2) U (2, o) (=22 >0 Jus ) L aw
Rewrite as (x —2)% > 0. T B ] o s o

Since (x — 2)2 = 0 only when x = 2, the inequality Mu‘ U? ¢ x=2 lxe L (x-2)°=0 “"‘ e
holds for all x # 2. Solution: x € (—00,2) U (2, ). - X € (-00,2)U(2,0) sa JI. x#2 C‘-; a=s

Question 2.2.104.

Solve the inequality x> =1 > 0. A) (—c0,—1]U[1, o)
B) (-0, )

Q) [-1,1]

D) (0, o)

E) None of these choices

Answer: A) (—oo, —1] U [1, o)

Rewrite as (x — 1)(x + 1) > 0. it &")LZ‘K R
The boundary points are x = =1 and x = 1. Test- ol sl ox=1 g x=-1 o Logud] LG
ing intervals shows the inequality holds for x € . x € (=00, —1]U[1, 00) Lois Ll Gy
(=00, —=1]U[1, o0).
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2.3.1

2.3.2

3. CUBIC EQUATIONS

Cubic Equations

Tips for solving Cubic Equations

Solving Cubic Equations To solve a cubic
equation of the form ax3 + bx? + cx +d = 0, we
can use several methods:

1. Factorization: If one root can be guessed,
use it to factor the equation.

2. Cardano’s Formula: For general cases,
Cardano’s formula can solve any cubic
equation.

3. Numerical Methods: Methods like Newton
can approximate roots.

Each approach depends on the specific

form of the cubic equation and may yield real
or complex solutions.

Cardano’s formula

65

S Dsles M Ll oYLl o
r\).:'d.d\ Lo « ad +bx?+ox+d=0 Kal
JJL das

wlasia) (Ke e e oKl 13) s bl L 1
sl el

e 915, dae cale VW 1 gls K &avs . 2
eSS Usles 1 o

D Ol T fhe s oadl) G 3
STeCy

Sma 5] G sl ) 28

To solve a general cubic equation of the form

axd +bx? +cx+d =0,

we can use Cardano’s formula. The solution involves the following steps:

Step 1: Reduce to Depressed Cubic Form

First, divide by a (assuming a # 0):

3
a

d

b c
B’ +-x+-=0.

a

Then, make the substitution x = y - 3%, which removes the quadratic term, result-

ing in the "depressed" cubic form:

v +py+q=0,

where
_ 3ac - b2

3a?

Step 2: Apply Cardano’s Formula

and g=

2b3 — 9abc + 27a%d
2743 '

For the depressed cubic y® + py + g = 0, Cardano’s formula gives:

e RGN SRR
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This expression provides one real root. The remaining roots can be found using
complex cube roots of unity if required.

Step 3: Interpret the Solutions

2 3
The nature of the roots depends on the discriminant A = (%) + (g) :

e If A > 0, there is one real root and two complex roots.
o If A <0, all roots are real. If A = 0, some roots may coincide.

Thus, Cardano’s formula provides a general method for solving any cubic equa-
tion.

Example 2.3.23 (Simple Depressed Cubic). Solve the equation: y*> — 15y —4 = 0.

For this equation:

Using Cardano’s formula:

e RCR SRR

Substituting p = —15 and g = —4:

3 3
y = \/2+ 4125+ \/2— Va+125= 2+ 1153+ V2 - 11.53.

Evaluating:

y~ V1353 + V=953 ~ 2.37 - 2.1 = 0.27.

Thus, one real root is y = 0.27.

Example 2.3.24 (Non-Depressed Cubic Equation). Solve the equation: x> — 6x? +
11x-6=0.

We reduce this to a depressed cubic by substituting x = y + g =y + 2, yielding:
v Hpy+q=0,

wherep = 1and g = 6.
Using Cardano’s formula:

3 3
Y= \/3+ 9+0.037 + \/3— V9 +0.037.

Evaluating:
y = solution with root approximations.

Thus, one root for x is x = y + 2.
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Example 2.3.25 (Discriminant Zero (Multiple Real Roots)). Solve the equation: x3 —
3x?+3x-1=0.

Solution We substitute x = y + % = y + 1, resulting in:
¥ =0.
The solution is:
y=0=x=y+1=1.

In this case, all roots are real and equal: x = 1.

Exercises for Cubic Equations
Question 2.3.105.

Solve the cubic equation x> —6x?> +11x—6=0. A)x=1,x=2,x=3
Byx=1,x=-2,x=3

Ox=0x=1x=-3

D)x=3,x=-1,x=2

E) None of these choices

Answer: A)x=1,x=2,x=3
Factor the cubic equation:

oS Dol oty o 525

(x=1)(x-2)(x-3)=0. (=D -2)(x-3)=0
Thus, x =1,x =2,and x = 3. .x:3jzx:2‘x:1“31
Question 2.3.106.

Solve the cubic equation x> —4x?> +4x=0. A)x=2,x=-2,x=0
B) x = 0,x = 2 (repeated)

Ox=0x=1x=3

D) No solution

E) None of these choices

Answer: B) x = 0,x = 2 (repeated) . o .
Factor the cubic equation: s Aslal) Jebo I

x(x—2)2 =0. L x(x=2)%2=0
Thus, x = 0 and x = 2 (repeated root). CJJ<"° ey x=2 gx=0 H|

Question 2.3.107.
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Solve the cubic equation x> +3x? —4x-12=0. A)x=-3,x=-2,x =2
Byx=2x=-1,x=3

Ox=-3,x=2,x=2

D) No real solution

E) None of these choices

?nswer: C)x=-3x=2x=2 tendl o b o5 ot oo
actor by grouping: 5 3)_4 =0 (2—4 3)=0

R(x+3)—4(x+3)= 0= (2 —4)(x+3) = 0. - T3 =dx) S0= (- +3) =

Factor further: (x —2)(x +2)(x + 3) = 0. (=) (x+2)(x+3) =0 : &S J.B

Thus, x = =3,x = 2. .x=-3;x=2 \al

Question 2.3.108.

Solve the equation |x*> —x?> —6x| =0. A)x=3,x=0,x=-2
B)x=0,x=3

COx=0x=-2

D) No solution

E) None of these choices

Answer: A)x=3,x=0,x=-2 N Lol L}»’\: J‘

Solve inside the absolute value:

B —6x=0= x(x—3)(x+2) = 0. X —x2—6x=0=x(x-3)(x+2) =0
Thus, x = 0,x = 3, or x = —2. cx=-2 gl x=0;x=3 (13
Question 2.3.109.

Solve the cubic equation x> =27 =0. A)x =3

B)x=-3

C)x=9

D) No solution
E) None of these choices

Answer: A)x =3

Factor the difference of cubes: o) Oy A ‘ J'u
X3 =27 = (x=3)(x2 +3x +9) = 0. =27 =(x-3)(* +3x+9) =0
Thus, x = 3. Cx =33

Question 2.3.110.
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Solve the cubic equation x® + x> +x+1=0. A)x=-1,x=1

B)yx=0,x=1
C) x = =1 and complex roots
D)x=2x=-2

E) None of these choices

Answer: C) x = —1 and complex roots

Factor the cubic equation:

(x+ 12 +1) =0.

Thus, x = —1 and complex roots from ¥ +1=0.

Question 2.3.111.

i) Dsladl s
L+ DEE+1) =0

c2 4120 e Sddas gde g x = —1 (3]

Solve the cubic equation x> = 12x+16 =0. A)x=4,x = -2

Byx=2x=4

C) x = 2 (repeated)

D) No solution

E) None of these choices

Answer: C) x = 2 (repeated)
Solve by factoring:
(x—2)%(x+2) = 0.

Thus, x = 2 (repeated) or x = 2.

Question 2.3.112.

s 05! J.lab f)'“"
L (x=22%x+2)=0

.x:—ZjicJﬂAJ;\D.DXZZL‘Zl

Solve the equation P —4x=0. A)x=2,x=-2,x=0

B)yx=3,x=-3

C)x=0

D) No solution

E) None of these choices

Answer: A)x=2,x=-2,x=0
Solve inside the absolute value:
2 —dx=0=x(x2-4)=0.
Thus,x=0,x=2,0orx = -2.

Question 2.3.113.

Solve the cubic equation x> +8 = 0. A)x = -2
Byx=2

sl 403 N
X —dx=0=x(x2-4)=0

.x=-2 j<x:2:x:0:\3‘l
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Ox=-3
D) No solution
E) None of these choices

Answer: A) x = -2

ol § 308 Jdml 5o

Factor the sum of cubes:

B +8=(x+2)(x2—2x+4) =0. P 48=(x+2)(* -2x+4) =0
Thus, x = 2. Lx=-2 L‘ZJ
Question 2.3.114.

Solve the cubic equation x> —64 =0. A)x =4

B)x=-4

C)x=8

D) No solution
E) None of these choices

Answer: A)x =4 . e :
Factor the difference of cubes: oSl Oy 34 =

B —6d = (x—4)(3 + 4x +16) = 0. X0 —64=(x—4)(* +4x+16) = 0
Thus, x = 4. Cx=4 3



CHAPTER

Expressions involving
Lines and Polynomials

3.1. Line Equations

3.1.1 Short Review of Line equations

1. Slope-Intercept Form C“n‘ - J:.l‘ Lo . 1
The slope-intercept form of a line is given by: Mm G y=mx+b : a laxl C\aﬂ)&.ﬂ FEI
y = mx +b where m is the slope and b is the .&_,L;” 5 il ga by Jll oa

y-intercept.

Vo s G . 2
2. Point-Slope Form J:l ..

The point-slope form is: y—y; = m(x — x1) S Y= y1 = mx - x) S Jel ezl Lo

where (x1, 1) is a known point on the line and Jodl sam g Ll Je Loghao B (v1,11)
m is the slope. Ll L. 3

3. General Form tm Ax+By+C=0 :_» EXURPHIRTRFIUN]
The general form of a line is: Ax+By+C =0

where A, B, and C are constants, and A and B o la>s” L) B 54 “""‘3’ CsBcA
are not both zero. Ll g 4Vl Lyled] 4

4. Horizontal and Vertical Lines . ¢

= ) y=c Kl dab @Vl bglad]
Horizontal lines have the form y = ¢ (slope (m=0Jeyy=c ] '\D; -
m = 0), while vertical lines have the formx =¢ ¢ o) ¥ =c¢ K &b L)l bold| Ly

(undefined slope). (O =

Here is an example of how do we draw a line equation:

Example 3.1.26. Steps to Draw the Line: y = 2x + 3

Step 1: Identify the y-intercept. The y-intercept is where x = 0. For the equation
y = 2x + 3, the y-intercept is (0, 3).

71
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Slope (m)

The slope of the line is the coefficient of x, which is 2. The slope indicates the "rise
over run':

Slope = 2 = Y
ope =2= 71

This means that for every unit increase in x, y increases by 2 units.

y-Intercept (b)

The y-intercept is the constant term, which is 3. The y-intercept is the point where
the line crosses the y-axis:
y=3 at (0,3)

This means that whenx =0, y = 3.

x-Intercept

To find the x-intercept, set y = 0 and solve for x:

0=2x+3 & 2x=-3 & x:—%.

Thus, the x-intercept is:

Line Characteristics.

The slope is positive, so the line is increasing (rising from left to right).
The line is linear and straight with no curves or turning points.

The domain is all real numbers (—o0, 00).

The range is also all real numbers (—oo, c0).
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Rules for Parallel and Perpendicular Lines

1. Parallel Lines: Two lines are parallel if their
slopes are equal. For lines with equations y =
mix + by and y = myx + by, the lines are parallel
if my = msp.

- Example: Consider the lines y = 2x + 3 and
y = 2x — 4. Both lines have the same slope
m = 2, so they are parallel.

2. Perpendicular Lines: Two lines are perpen-
dicular if the product of their slopes is —1. For
lines with slopes m; and mjy, they are perpen-
dicular if mq - mp = —1.

- Example: Consider the lines y = %x +1 and

y = —2x+3. The slopes are m; = 1 and
my = —2. Since % X —2 = —1, these lines are
perpendicular.

These rules help determine the relationships
between lines on a plane based on their slopes.

Saoladly @ sledll Lgledl aclys

1) Cnslete Oltl oG & sladl bgled) 1
S¥olee oAl Dglde  lghe oo
ulste OUsSG ¢ y=mpx+by g y=mx+0b
omy =y 13)

y=2x—-4 3 y=2x+3 Uled] o5l Jle -
o 10 ¢ m=2 I & Ly odad] 36,
Ol lste

3] cpdelate Oladl oK 0 Faslatll bgledl . 2

A L 1 syl e G el OF
Bl pelate OLeG ¢ omp g omy Ae
. my My :"—1

y=3x+1 okdl pAa) 0 Jle

S
Ln.mzz—ijlz%@dxM.y:—2x+3
Olaelate Gl ! olis « Ix-2=-1 ol
Lobd! gu SN a3 asledll ol aclld
logee o By somaldl Lo

Figure 16. Parallel lines
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Figure 17. Perpendicular lines

Exercises about Line Equations

Question 3.1.115.

The slope of the line perpendicular to y =

B) -3
C) -3
D)3

E) None of these choices

Answer: C) —%

The slope of a line perpendicular to another line is
the negative reciprocal of the slope of the original
line.

Question 3.1.116.

3x—5is A)1

Dl Cslie gn =T gilns mo aoladll pind) e
el ;_,‘Jugiwtjjj;a.o QA.AH

The equation of the line passing through the point (2, 3) and having a slope of 4 is

A)y=4x-5
B)y=4x+5
Cy=4x+3
D)y=x+4

E) None of these choices
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Answer: A) y =4x-5 o o i i
To find the equation of the line, use the point-slope relly il Lo Pt (j“"“““ ol 52N
form: y —y; = m(x — x9). L y—y1 =m(x—xq)

Question 3.1.117.
If the line y = 2x + 1 is shifted 3 units up, the equation of the new line is A)

y=2x+4

B)y=2x-2
COy=2x+1
D)y=2x+7

E) None of these choices

Answer: D) y =2x+4 )
Shifting a line up by 3 units increases the y-intercept CH‘J s w5 Oy 3 laae J.:.\I (:.EI.A‘ el #
by 3. .3 Jlaaay

Question 3.1.118.

The slope of a line parallel to 4x —3y = 12is A) %
B) 3

C) -3

D)3

E) None of these choices

Answer: A) % . . :
Convert the line to slope-intercept form to find the J (- | Bolas Jps @I ! (- Sl

slope of the original line: y = mx + b. The slope of a f"“'"“‘“u J 08Ky y=mx+b C“ﬂ‘j el e
parallel line is the same. Al 9a (§ lsd

Question 3.1.119.
The equation of the line passing through (0, 5) and perpendicular to y = —2x + 3 is

A)y=1x+5
B)y:%x
C)y=-2x+5
D)y=2x+5

E) None of these choices
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Answer: D) y =2x+5 j 2
The slope of the perpendicular line is the negative S Gy e L"}“Y‘ el Oslas sa bl fu"“:“‘“ Je
reciprocal of —2, which is 2. ety LIl

Question 3.1.120.

The slope of the tangent line to the curve y = x> + 2x+latx =1is A)0
B) 4

02

D)3

E) None of these choices

Answer: B) 4
The slope of the tangent line is the derivative of the

cx=1 aie Nl Grie on el fue

function at x = 1.

Question 3.1.121.

The slope of the line given by the equation 3x +2y = 6is A) —%
B) 3

C) 3

D)3

E) None of these choices

Answer: A) —% . . . :
Convert the equation to slope-intercept form d""‘l ' Jﬁ‘“ G ) f.,“"“““ Polas  Jo=
y = mx + b, and extract the slope. y CJ’&«J (c" ¢ y=mx+b

Question 3.1.122.

The slope of the line that passes through the points (2,5) and (4,9)is A) 2
B) 4

)1

D)5

E) None of these choices

Answer: A) 2 ~
The slope between two points is given by m = 2= L m= %i,ﬁ; S ool ondlais oy

X2—X1
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Question 3.1.123.

The equation of the line passing through
y=3x-1

B)y=3x+2
Cy=-3x+2
D)y=2x+3

E) None of these choices

Answer: A) y =3x—1
A parallel line has the same slope, and the line
passes through the point (1, 2).

Question 3.1.124.

The slope of the line tangent to the curve y
B)1

C) -2

D)2

E) None of these choices

Answer: A) -1
The slope of the tangent line is the derivative of the
function at x = 1.

Question 3.1.125.

CHAPTER 3. EXPRESSIONS INVOLVING LINES AND POLYNOMIALS

(1,2) and parallel to y = 3x+4is A)

C(1,2) il e oy Jll s J 5l f&.‘.ll

=latx=1is A)-1

cx=1 s ) Giie ea el e

The equation of the line passing through the points (1,2) and (3,6)is A) y =2x+0

B)y=2x-2
QOy=x+1
D)y=3x-4

E) None of these choices

Answer: A) y =2x+0
To find the equation of the line, use the slope
Y1

Y-
formula Lo

to find the slope m, then apply the
point-slope form: y — y; = m(x — x1).

Question 3.1.126.

se N 0 s p AL fh.il Uslee o212y
Ly =y =m(x—xq)
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The equation of the line passing through the points (4,5) and (6,9)is A)y =2x-3
Byy=x+1

CQy=2x-5

D)y=3x-4

E) None of these choices

Answer: A) y =2x-3 c N .
To find the equation of the line, first calculate the :Jﬁ‘“ ol g {.?"“““H olas o2y

slope: z;:zll = 2=3 = 2. Then, apply the point-slope iddly el xSk f . Zi:zl ==2=2
formy—y; = m(x —x1) and simplify to get y = 2x—3. Ly=2x-3 Je e y =1 = m(x—x1)

Question 3.1.127.

The slope of the line passing through the points (2,-3) and (5,1)is A) —4
B)2

Q)3

D)1

E) None of these choices

Answer: B) 2 e 1 )
27 —\T %o l 9.

The slope is calculated using the formula: © x—x . 52 3 ‘== ‘ (‘-"’“—*\{ CE Jﬁ‘“

{Z:chi = 1;(7—23) = % Therefore, the slope is 2. 2 4 J:“ L;Ubj

Question 3.1.128.

The line parallel to y = 3x + 4 and passing through the point (2, —1) has the equa-
tion A)y=3x+2

B)yy=3x-7
C)y=-3x-5
D)y=2x+3

E) None of these choices

Answer: B) y =3x-7 .. . w0 el o
Since the line is parallel, it has the same slope, ¢ S Jﬁ“ U g <0k ‘}d i ol e

m = 3. Use the point-slope form y — y; = m(x — x7) & Y-y =mx—x) Jelly dad) dnpeo p AL
with (x1, 1) = (2,-1): y+1 = 3(x — 2). Simplify to y=3x-7 J_r- J.aﬁ (ol ww L (g, 1) = (2,-0)
gety=3x—7.

Question 3.1.129.
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What is the distance from the point (1,2) to the line 3x -4y +5=0? A)5
B) £

C) 3

D)0

E) None of these choices

Ax+By+C=0 Ll J| (x,y1) deidl .o L
Answer: D)0

. L -

The distance from a point (x1, y1) to a line Ax + By + C“A - C
C = 0is given by the formula: i |Axq + By1 + C|

o s e VA2 + B2

o vazip | ¢ C=5 ¢ B=—4 ¢ A=3 il jmedl po@
Substitute A=3,B=-4,C=5,x =1,and y; = 2: =2 yx =1

1) —4(2 -
d:|3() @+5_B 8+5|:M:0. d_|3(1)_4(2)+5|:|3_8+5|:@:O

\3Z+ (-4 Vo+16 5 32+ (-4)2 Vo+16 5

This means that the point is on the line.

Question 3.1.130.

The point of intersection of the lines y =2x+1land y = -3x+6is A) (1,3)
B) (2,4)

) (1,2

D) (5,3)

E) None of these choices

Answer: A) (1,3) :oalall (sl cnmitd | ablis Lais o12 Y

To find the point of intersection, solve the system of
2x+1=-3x+6.

2x+1=-3x+6. WJH‘%J\BJCM
Add 3x to both sides:

equations:

Sx+1=6 = b5x=5 = x=1 ail=e = w=p = w=l

Substitute x = 1 into either equation (e.g., y = 2x + Jote 4 odslall e g! Jr=1- Y o

1): (y=2x+1 sJud!
y=2(1)+1=3.

y=2(1)+1=3.

L (1,3) bl ks (3]

Thus, the point of intersection is (1, 3).

Question 3.1.131.

The midpoint of the line segment joining the points (4, -2) and (8,6) is A) (6, 2)
B) (2,0)
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O 7,1)
D) (5,4)
E) None of these choices

Answer: A) (6,2)
The formula for the midpoint is:

(Xl X Y1 +y2)
2 72 ’

Substituting the coordinates of the points (4, —2) and

(8,6):

4+8 -2+6
R
Question 3.1.132.

81

(x1+x2 y1+y2)
2 72 ’
: (8,6) 5 (4,-2) ezl UU»L o= sl ”_"a;

(4+8 -2+6
27 2

) = (6,2).

The equation of a line passing through the point (2, —3) and perpendicular to the

line5x+6y =7is A)y=2x-3

B)y:—%x+2
Qy=8&x-%
D)yz—%x—él

E) None of these choices

Answer:C) y = gx = 25—7

Rewrite the line 5x + 6y = 7 in slope-intercept form:

T
Y="8""%

The slope of the given line is —2, so the slope of the
perpendicular line is the negative reciprocal, m = g.

Using the point-slope form with (2, —3), we get:

y+3= g(x—Z) = Yy==-x—-—.

) el JI5x+6y =7 doladl fems p 5

P
Y=7%8""%

pitedl o JUlls -2 sa el L1l L
m=g (AL 4 glae ga Ln;.»j,o.-ﬂ

e

y:—éx—4.

6
y+3=3(-2) :
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3.2. Polynomials and their properties

3.2.1 Properties of polynomials

Properties of Polynomials
A polynomial in one variable x of degree n has
the general form:

1

f(x) =apx" +a,_1x" +---+a1x +ap,

where a,,a,,_1, . ..,ap are constants, and a,, # 0.
1. Degree: The degree of a polynomial is the
highest power of the variable. For example,
f(x) = 3x* +2x? — x + 5 has degree 4.

2. Leading Coefficient: The coefficient of the
term with the highest degree is called the lead-
ing coefficient. For f(x) = 3x* + 2x? — x + 5, the
leading coefficient is 3.

3. Roots: The values of x that satisfy f(x) =0
are the roots or zeros of the polynomial. A
polynomial of degree # has at most 7 roots.

4. End Behavior: The end behavior of a poly-
nomial depends on the degree and the leading
coefficient. For even degrees, both ends go in
the same direction; for odd degrees, they go in
opposite directions.

These properties are essential for understand-
ing the behavior and structure of polynomial
functions.

seadl GBI jailas
0 1 &l e x asly asle 3 sgud| Al

1

f(x) =apx" +a,_1x"" + - +a1x +ap,

a0 g oy ap, a1, ,00 S

59 el gkl A Tays o dmall 1
f)=3xt+2x% —x+5 (JElI Jow s el
A Y4

S5 U ad) Jalee ga 0 g ) Jolell 2,
g o) Bl ey By el ke
52 g}l el 3¢ f(x) =30t + 262 —x+5
S f0) =0 5i x5 ek 3
VR IV (PR G PO B R W
e n ) e b ds

294 AT oLl sl sty - SLLA Jobe 4
Sl o) Jelally @m0l e
Gy oYl i 3 ol e el
SREl G ol e el ol
oS e

Jls> Keng Jsle i) icalud allad] odn s
Seadl oS
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3.2.2 Polynomial Graphs by Degree

2«

1 4
/ Degree 1: Linear

271 1 2%

Figure 18. A linear polynomialis straight line, it has
one root at most, it have constant rate of change, it
shows no concavity.

Tt Degree 3: Cubic

Figure 20. A cubic polynomial is an S-shaped curve
(or sometimes just one bend), it has up to three roots,
ithas a variable rate of change, and it exhibits points
of inflection (changing concavity).

Degree 5: Quintic

=

Figure 22. A polynomial of degree 5 is an oscillat-
ing curve (often with an "S" shape and additional
bends), it has up to five roots, it has a variable rate
of change, and it exhibits inflection points with up
to four turning points and changing concavity.

Y
2T Degree 2: Parabola
1 4+
2 -1 )/ 1 2 X
14+
24

Figure 19. A quadratic polynomial is a parabola, it
has up to two roots, it has a variable rate of change,
and it shows concavity (either upward or down-

ward).
y
21 .
Degree 4: Quartic
1 4
2 A 1 2%
1
2

Figure 21. A polynomial of degree 4 is a W-shaped
or M-shaped curve (or a smoother variant of these
shapes), it has up to four roots, it has a variable rate
of change, and it exhibits concavity changes with up
to three turning points.

Degree 6: Sextic

Figure 23. A polynomial of degree 6 is a wave-like
curve (often with an "M" or "W" shape and addi-
tional oscillations), it has up to six roots, it has a
variable rate of change, and it exhibits multiple con-
cavity changes with up to five turning points and
inflection points.
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Exercises on polynomials
Question 3.2.133.

Is the expression 3x? — 4x + 7 a polynomial?
A) Yes

B) No

C) Only when x >0

D) Only when x # 0

E) None of these choices

Answer: A) Yes
The expression is a polynomial because it consists RO $E g0 e O <N s9de S ga ]
of terms with non-negative integer exponents and .

constant coefficients. B Oelaey Wl g D ]

Question 3.2.134.

Is the expression % + 2x2 — 5 a polynomial?
A) Yes

B) No

C) Only when x > 0

D) Only when x # 0

E) None of these choices

Answer: B) No
The expression is not a polynomial because

(A o Lo g5z L oY sgae g )

1

X
involves a negative exponent, which is not allowed
in polynomials.

Question 3.2.135.

Is the expression x> — 2 y/x + 5 a polynomial?
A) Yes

B) No

C) Only when x > 0

D) Only when x # 0

E) None of these choices
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Answer: B) No
The expressiorT is not a polynor‘nial. because Vx | g S uj S st VX Q;\f sy A5 ) _peadl
involves a fractional exponent, which is not allowed

in polynomials.

Question 3.2.136.

Is the expression x? — 4x + 7 a polynomial?
A) Yes

B) No

C) Only when x # 0

D) Only when x > 0

E) None of these choices

Answer: A) Yes ) 3
The expression is a polynomial because all terms ~ &x%® ol | 2902 G OY 29 S on adl
have non-negative integer exponents. Al s

Question 3.2.137.

Is the expression x~2 + 4x? — 7 a polynomial?
A) Yes

B) No

C) Only when x > 0

D) Only when x # 0

E) None of these choices

Answer: B) No

The expression is not a polynomial because x~3

Al U"j S S5 x3 Q;\f s9de A e el

involves a negative exponent, which is not allowed
in polynomials.

Question 3.2.138.

What is the degree of the polynomial 3x* — 5x% + 2x + 72
A)1l

B) 2

03

D) 4

E) None of these choices
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Answer: D) 4

The degre? of a polynomlal.ls the highest exPonent o J“‘ s ) 3 o J‘" A 9kl S @
of the variable. Here, the highest exponent is 4, so 4 B N J\if . A . 4
the degree is 4. ) e cEoR

Question 3.2.139.

What is the leading term of the polynomial 2x> — 4x? + 6x — 8?
A) 2x3

B) —4x?

C) 6x

D) -8

E) None of these choices

Answer: A) 2x3
The leading term is the term with the highest 23 a4l L A o J—‘j J sl adl ga W1 add

degree. Here, 2x> has the highest degree of 3, so it . . ; £
is the leading term. LA ga D 3 S =2 Sl

Question 3.2.140.

What is the degree of the polynomial —7x° + 4x% — x + 1?
A)1l

B) 3

C5

D)7

E) None of these choices

Answer: C) 5

The degree of the polynomial is determined by the . & 5= ; 5@ R
highest exponent, which is 5. Dt J& > s 29ad A L)

Question 3.2.141.

What is the leading term of the polynomial x® — 9x* + 3x2 — 52
A) x°

B) —9x*

C) 3x?

D) -5

E) None of these choices
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Answer: A) x°
The leading term is the term with the highest

degree, which in this case is x0.

Question 3.2.142.

87
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What is the degree and leading term of the polynomial 5x” + 2x* — 3x +9?

A) Degree: 7, Leading term: 5x”
B) Degree: 4, Leading term: 2x*

C) Degree: 7, Leading term: 2x*

D) Degree: 3, Leading term: —3x
E) None of these choices

Answer: A) Degree: 7, Leading term: 5x7

The degree is 7 because the highest exponent is 7,
and the leading term is 5x” since it has the highest
degree.

Question 3.2.143.

What is the degree of the polynomial (x —

A)1l
B) 2
)3
D)5
E) None of these choices

Answer: C) 3

The degree of a polynomial in factored form is
the sum of the degrees of each factor. Each fac-
tor hereis degree 1, so the total degreeis1+1+1 = 3.

Question 3.2.144.

517 ga LI akly ¢ 7 a0 ol el GY 7 2l
A fol g3 dl oY

2)(x + 3)(x — 5)?

Ol s [ Eaaite Kall 5, guall Luf seadl A8 1> s

Lol Wl 1 W e b e B el S
C1+1+1=3 a Yyl

What is the leading term of the polynomial (x — 1)(x + 4)(x — 6)?

A) x3

B) —x°

C) 4x?

D) x?

E) None of these choices
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Answer: A) x°
To find the leading term, multiply the higheit J“\n ol Sl3 sgadl O i W) ad) sl Y
0 e X Al xexex =08 ele e

degree terms from each factor: x-x-x = x°.

Therefore, the leading term is x3.

Question 3.2.145.

What is the degree of the polynomial (2x — 1)(x + 5)??
A)?2

B) 3

)4

D)5

E) None of these choices

Answer: B) 3 1 Wl " Sl I
The degree is the sum of the degrees of each factor. (=1 e 10 J{ = &yi Tl

(2x — 1) has degree 1, and (x + 5)2 has degree 2, so WA 2 3'~>.Jv\“ o (x +5) J‘L“J‘j o1 ‘I?J“\J‘ o
the total degreeis 1+ 2 = 3. C142=3 @ Yyl il

Question 3.2.146.

What is the leading term of the polynomial (3x + 2)(x — 7)??
A) 3x3

B) —3x3

C) 3

D) 9x3

E) None of these choices

Answer: A) 3x3

To find the leading term, multiply the highest :Qk-g\” oWl Ol seadl Ol L) adl sz
c3ra2 = 343 : g P A
degree terms: 3x-x~ = 3x°. Therefore, the leading 3,3 1) Al el Br-2? = 343

term is 3x°.

Question 3.2.147.

What is the degree and leading term of the polynomial (—x + 4)(x — 1)3?
A) Degree: 4, Leading term: —x*

B) Degree: 3, Leading term: —x°

C) Degree: 4, Leading term: x*

D) Degree: 3, Leading term: x°

E) None of these choices
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Answer: A) Degree: 4, Leading term: —x4

The degree is 4 because (—x +4) has degree 1 and 1 odyill o (xtd) Jaldl oY 4 o el
(x—1)% has degree 3, giving 1+ 3 = 4. The leading .1+3=4 k,—‘ﬂ-'v Le ¢ 3 &, o (= 1)3 JAUB
term is —x*. R ujiey

Question 3.2.148.

In the polynomial 4x> — 6x2 + 2x — 5, what is the coefficient of the x* term?
A) 4

B) —6
C)2
D) -5

E) None of these choices

Answer: B) -6
The coefficient of the x2 term is —6. =6 9a X% adl Jolse

Question 3.2.149.

What is the degree of the polynomial 5x* + 3x% — 7x + 8?
A1l

B) 2

04

D)5

E) None of these choices

Answer: C) 4

The degree of the polynomial is determined by the . g 5= z 5@ %
WY bodel dauly sus 5qudl
highest exponent, which is 4. ol 4 > 2 21

Question 3.2.150.

What is the leading term of the polynomial 6x° — 4x + 2x — 1?
A) 6x°

B) —4x3

C) 2x

D) -1

E) None of these choices
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Answer: A) 6x°

The leading term is the term with the highest 65 Lia e s Lol & el adl e M1 ol
degree, which is 6x°. sy iy Aol g s %)

Question 3.2.151.

What is the leading coefficient of the polynomial —7x° + 5x* — 3x +9?
A) -7

B) 5

C) -3

D)9

E) None of these choices

Answer: A) -7
The leading coefficient is the coefficient of the
leading term, which is —7 for the term —7x%.

=728 dal =7 sag DI At Jolae o8 WD) Lelall

Question 3.2.152.

What is the degree of the polynomial 3x” — 2x° + x> — 8?
A)5

B) 7

03

D)1

E) None of these choices

Answer: B) 7

The degree of the polynomial is 7, which is the Al e s sl 7 sead| 5 o s
highest exponent of the polynomial. 2 = E v 01'; U - -
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3.3. Factoring of polynomials

3.3.1 Tips related to Factoring of polynomials

Factoring Polynomials Factoring polyno-
mials involves expressing a polynomial as
a product of simpler polynomials. Key
concepts:

1. Roots: A root of a polynomial P(x) is
a value r where P(r) = 0. Each root cor-
responds to a factor of the form (x —r).
This means if r is a root of P(x), then
(x —7) is a factor of P(x). For example,
if x = 2 is a root of P(x) = x> — 4x + 4, then
P(x) = (x - 2)%.

2. Relationship between Root and Fac-
tor: If r is a root of P(x), then P(x) can be
written as P(x) = (x — r)Q(x), where Q(x)
is the quotient polynomial obtained when
dividing P(x) by (x — ). This relationship
is essential for simplifying polynomials
and finding additional roots.

3. Long Division: Polynomial long divi-
sion divides one polynomial by another,
helping confirm factors when a root is
known. For instance, dividing P(x) =
x3 —6x% +11x — 6 by (x - 2), given x = 2
is a root, yields a simpler quotient poly-
nomial.

4. Factorization: Factorization rewrites
P(x) as a product of factors. For exam-
ple, Q(x) = x% — 5x + 6 has roots x = 2 and
x = 3,50 Q(x) = (x — 2)(x — 3). Factoriza-
tion often takes the form P(x) = (x —rq)(x —
72)...(x —ry), where r; are roots.

5. Examples:

(@). x> -9 = (x +3)(x — 3) (difference of
squares)

(b). x® -8 = (x —2)(x? + 2x + 4) (difference
of cubes)

These methods are crucial for simplifying
polynomial expressions and solving poly-
nomial equations.

sead) ol s

OJ.\':{U,S—J\.\.I.J‘ ilE oa 35.\.;\ ol J,.lﬁ
:;,uu‘\)‘ (\ALG.H Ja....ui Sede oK C.i;ofajv\.i\
Gk 7 ded 98 P(x) s9adl 845 e s 9idl . 1
S K e Shle ol J3e 5 P =0
(r=7) OB ¢« P() J 5o 7 o8 13 &l i Vs
O 15 (B o e PO Jelse e ke 5
Ok ¢« P =x*-4x+4 ) bBis x=2
. P(x) = (x — 2)?

3 Bhe v o 1) s Joldly LAkl gy BN 2
¢ P(x)=(x-nNQ) S P(r) L SKed ¢ P)
o P() ded as Loud)! éb 3 Q) Cu>
O Lead Laulll SMI ol A L (x-7)
A3La] ) gde J"in*”j s ]
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ol M me (1=2) e P@) =2 ~6x2+11x—6
deol sgue AN Lba (i x=2

el C’;;éfP(x) O WES | RV WE S R
Ol af QU =2P-5r+6 Jio seke 4K
sew W o x=3 5 x=2  eidl
bl aiig b BE L Q)= (@-2)(x-3)
i G P) = (x—r)x—r2)... (x—1y) JKI

STE AN
: Zl:,,i 5

CST R x> -9 = (x+3)(x-3) 'C;‘D
35 P-8=(x-2(2+2r+4)  (O)
(e

O Sl daet 3 LY sde aeld
Jls UK LrYsles g 35!
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3.3.2 Exercises

Question 3.3.153.

Explain the Factor Theorem and how it relates zeros of a polynomial to its factors.
A) It states that if x = a is a zero of a polynomial P(x), then (x — a) is a factor of P(x).
B) It states that the remainder of dividing P(x) by (x —a) is zero if a is a zero of P(x).
C) Both A and B are correct.

D) None of these choices.

Answer: C) Both A and B are correct. C“w ) ‘ g J{ (C ::'3‘°~>n
Explanation: 4

15, e x

The Factor Theorem states that (x — a) is a factor of a Sl g sl e
polynomial P(x) if and only if P(a) = 0. This means o.z,\.-.ﬁ.,ll “iM; »» (-a) ol J“' J""}"” L ki jal
that x = a is a zero (root) of the polynomial, and ol s 1ha . P(a) =0 O 13] Ladsy 13] P(x) s9adl
when we divide P(x) by (x —4), the remainder is zero. s P() &d sy (39ad| Brasil i 98 x =4

Pae W oeK ¢ (x—a)

Question 3.3.154.

State the Remainder Theorem and describe its significance in polynomial division.
A) The remainder of dividing P(x) by (x —a) is P(a).

B) The remainder of dividing P(x) by (x — a) is zero.

C) The remainder of dividing P(x) by (x —a) is (x — a).

D) None of these choices.

Answer: A) The remainder of dividing P(x) by 2

(x —a) is P(a). - P(a) sa (x—a) e P(x) dod o JU\ ¢! ”o‘a?ﬂ
Explanation: Al
The Remainder Theorem states that when a sead| Byanle dewd s of L W i ez
is equal to P(a). This theorem provides a quick ods i . B(a) &55\"“’! JU‘ OP « (r=a) J_; P(x)
way to find the remainder without performing the Lwdl sla] (g J"U‘ -’L‘? oo &b g byl
actual division. i Led))

polynomial P(x) is divided by (x —a), the remainder

Question 3.3.155.

How are the zeros of a polynomial related to its linear factors? ~ A) Each zero
corresponds to a linear factor of the form (x —a).

B) Zeros and factors are unrelated concepts.

C) Zeros correspond to the coefficients of the polynomial.

D) None of these choices.
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Answer: A) Each zero corresponds to a linear factor
of the form (x — a).

Explanation:

For a polynomial equation, each zero x = a indicates
that (x — a) is a factor of the polynomial. This means
the polynomial can be expressed as a product of its
linear factors corresponding to its zeros.

Question 3.3.156.

93

Sl o s e Ll e (il
. (x—a)

Ser

S
S iy x=a Jde S ogadl Braate Dol Ll
o o s 1 sgad ] Bsaiell lele g8 (x—a) j
L) Lllse o o Jol€ spud] Bl o geadl

laysid Al

Explain how synthetic division can be used to find the remainder when dividing
a polynomial by (x —a). A) By evaluating P(a) directly.
B) By performing synthetic division, the final value obtained is the remainder,

which equals P(a).

C) Synthetic division cannot be used to find remainders.

D) None of these choices.

Answer: B) By performing synthetic division, the
final value obtained is the remainder, which equals
P(a).

Explanation:

Synthetic division is a shortcut method for dividing
a polynomial by a linear factor of the form (x —a).
The final value obtained in the synthetic division
process is the remainder, which according to the
Remainder Theorem, is equal to P(a).

Question 3.3.157.

ol A Al ] P e (o A
. P(a) ij\"’*' d“‘”} (3W e L3

P, vV X)

33.,\3-\ 33dxle downd 8 a2 &y b & LS Ll
MU Lal . (r-a) K e s e s
LL"}\..J‘ o LSS L) e J laks Jguad! ¢

CP@) gl « 3W) &) Gy sl

State the Division Algorithm for polynomials and explain its components. A)
P(x) = D(x) - Q(x) + R(x), where P(x) is the dividend, D(x) is the divisor, Q(x) is the

quotient, and R(x) is the remainder.

B) P(x) = D(x) - R(x) + Q(x), where R(x) is the quotient.
C) P(x) = Q(x) + R(x), with no divisor involved.

D) None of these choices.
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Answer: A) P(x) = D(x)- Q(x) + R(x), where P(x)
is the dividend, D(x) is the divisor, Q(x) is the
quotient, and R(x) is the remainder.

Explanation:

The Division Algorithm states that when a polyno-
mial P(x) is divided by a non-zero polynomial D(x),
there exist polynomials Q(x) and R(x) such that
P(x) = D(x) - Q(x) + R(x), where the degree of R(x) is
less than the degree of D(x).

Question 3.3.158.

58 P() Cu> ¢ P(x) = D(x)- Q@) +R(@) (| :alayl
o) 5 98 Q) cade o guill 98 D) (p gunill
L}U\ 9 R(x)

Sgad] Sraals dawd Als 3l s Lol L lgs el
do g Gl D(x) L jae A d9de S3aae & P
et R 5 QW
o B R@) &> ,5 Cu> ¢ P(x) = D(x)- Q@) + R(»)
. D(x) &> ,»

S9de s dae

What is the multiplicity of a zero in a polynomial, and how does it affect the graph

of the polynomial? A) The number of times a zero is repeated as a factor; higher
multiplicity causes the graph to touch the x-axis but not cross it.

B) The degree of the polynomial; higher degree means higher multiplicity.

C) The coefficient of the zero; affects the steepness of the graph.

D) None of these choices.

Answer: A) The number of times a zero is repeated
as a factor; higher multiplicity causes the graph to
touch the x-axis but not cross it.

Explanation:

Multiplicity refers to the number of times a
particular zero appears as a root of the polynomial.
If a zero has even multiplicity, the graph touches
the x-axis at that point but does not cross it. If the
multiplicity is odd, the graph crosses the x-axis at
that zero.

Question 3.3.159.

el il L, Ko 3 ol sae (1 gy
Sladl a2 uadly 3L fw)‘ Jasf' Loasdl 8ol 5
caxked (9>

3

A
e de L ey AV S sae ) @l il
OB (X g Daaw Jdal oF 13 ogad | Ssaadl [if
09> dkadl Wb wie oldl je2 ady L (“')‘
C‘ai" S (‘VJJ\ OB (&3 Loaadl o 15) L anked

ot s e ol a2

How do the Remainder Theorem and Factor Theorem relate to each other? A) The

Factor Theorem is a special case of the Remainder Theorem when the remainder

1s zero.
B) They are unrelated theorems.

C) The Remainder Theorem is derived from the Factor Theorem.

D) None of these choices.



3. FACTORING OF POLYNOMIALS

Answer: A) The Factor Theorem is a special case
of the Remainder Theorem when the remainder is
Zero.

Explanation:

The Remainder Theorem states that the remainder
of dividing P(x) by (x —a) is P(a). The Factor
Theorem extends this by stating that if P(a) = 0,
then (x —a) is a factor of P(x). Thus, the Factor
Theorem is a special case of the Remainder Theorem.

Question 3.3.160.

95

Ll e ol b * Selsadl & a3 (] Za\a:ﬂ
Paw g'éL.J\ 095 s L";akfjl
Ay

de PE) s e U ;jux;;u\ L ki as
130 &) Jodll 1 Julgadl & i A€ . P(a) sa (x—a)
(JULs . P(x) J Juls g8 (x—a) 06 « P(@) =0 OF
Y G e el B g Jalall T 00

How can the Remainder Theorem be used to evaluate a polynomial at a given

point? A) By performing polynomial long division and finding the remainder.
B) By directly substituting the value into the polynomial.

C) Both A and B are valid methods.
D) None of these choices.

Answer: C) Both A and B are valid methods.
Explanation:

The Remainder Theorem states that P(a) is the
remainder when P(x) is divided by (x —a). There-
fore, evaluating the polynomial at x = a gives the
remainder. This can be done by direct substitution
or by performing polynomial division.

Question 3.3.161.

N T N 20 |

P, v )

-

P() Zad ais 3U g8 P@) o fo W1 & k0 jas
x=a As 94t Sraadl (_“.a: Wl (x-a) L

AU gl Gy b e iy oL K GUI e
Sead | Srimle dowd s‘J>! b o 5i

If the remainder of dividing a polynomial P(x) by (x — a) is not zero, what does this

imply about (x —a) and P(x)?
zero of P(x).

A) (x —a) is not a factor of P(x), and x = a is not a

B) (x —a) is a factor of P(x), and x = a is a zero of P(x).
C) The remainder has no implications for factors or zeros.

D) None of these choices.

Answer: A) (x —a) is not a factor of P(x), and x = a
is not a zero of P(x).

Explanation:

If the remainder is not zero when dividing by
(x —a), then (x — a) does not divide evenly into P(x),
meaning it is not a factor. Consequently, x = a is not
a zero of P(x).

gd x=a s ¢ Px) J Sole gy (x—a) Ci RS
L P) J i

ZM

Sle ) JWL 5 (G P(x) i ¥ (x=a) ol s
CP() J Bie i x=aJUb,
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Question 3.3.162.

Describe how polynomial long division is similar to numerical long division and
its role in finding the quotient and remainder. A) Both processes involve dividing,
multiplying, subtracting, and bringing down terms sequentially.

B) Polynomial long division is entirely different from numerical long division.

C) Polynomial long division does not provide a remainder.

D) None of these choices.

Answer: A) Both processes involve dividing,
multiplying, subtracting, and bringing down terms
sequentially.

Explanation:

Polynomial long division mirrors numerical long
division in its steps: divide the highest-degree term,
multiply, subtract, and bring down the next term,
repeating until all terms are processed. This method
helps find both the quotient and the remainder of
the division.

Question 3.3.163.

ey ded) plheas okl (1 inY
b seadl Iy - s
T A

ool Lol A glall squdl Byaale doud :.wu
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N J & ol oda aelld 5qudl o= il

Ul el s

Factor the polynomial x> —5x + 6. A) (x —2)(x — 3)

B) (x —1)(x — 6)

C) (x+2)(x-23)

D) No factorization

E) None of these choices

Answer: A) (x —2)(x —3)

Find two numbers that multiply to 6 and add to —5.
These numbers are —2 and —3.

Thus, the factorization is (x — 2)(x — 3).

Question 3.3.164.

- 75 legesety 6 b o Jelo (pdas 2 S
L3 4 <2 len ohadl olia

(@ =2)(x=3) sa Jdxdl N

Factor the polynomial x> +7x+10. A) (x +5)(x +2)

B) (x —5)(x +2)

C) (x—1)(x+10)

D) No factorization

E) None of these choices
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Answer: A) (x +5)(x + 2)

Find two numbers that multiply to 10 and add to 7. 7 bogegezsy 10 g o Jolo I F Sy
These numbers are 5 and 2. 22 95 ka ghuaal plia
Thus, the factorization is (x + 5)(x + 2). (x5 +2) sa Il A
Question 3.3.165.

Factor the polynomial x> —4x —12. A) (x — 6)(x +2)
B) (x —4)(x + 3)

C)(x+6)(x—2)

D) No factorization

E) None of these choices

Answer: A) (x —6)(x +2)

Find two numbers that multiply to —12 and add to ~ * 4 bgssezy —12 by o Jolo paas o G
—4. These numbers are —6 and 2. 22 5 =6 s ghasl olia
Thus, the factorization is (x — 6)(x + 2). C(x=6)(x+2) 9a Il (N

Question 3.3.166.

Factor the polynomial 2x? +5x +3. A) (2x + 3)(x + 1)
B) (x+3)2x+1)

C) 2x-3)(x—-1)

D) No factorization

E) None of these choices

Answer: A) 2x +3)(x + 1) af ) Jelsall sy Wadly @ 0 @ b p A
Use trial and error to find factors that multiply to .22 +5x+3
2x2 +5x +3: -

(2% + 3)(x + 1) works, since 2x-1+3- x = 5x. oY el el e 2x43)(x 4 )

. 2x-1+3-x=b5x

Question 3.3.167.

Factor the polynomial x> — 10x +25.  A) (x — 5)?
B) (x + 5)?

C) (x=5)(x +5)

D) No factorization

E) None of these choices
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Answer: A) (x — 5)2 e
Recognize this as a perfect square trinomial: i o8 ij‘ Uslas 0da Ol Lol
x% —10x + 25 = (x — 5)%. . x2 —10x +25 = (x — 5)2

Question 3.3.168.

Factor the polynomial x> —16. A) (x — 4)(x + 4)
B) (x - 8)(x +2)

C) (x +4)2

D) No factorization

E) None of these choices

Answer: A) (x —4)(x +4)

This is a difference of squares: U 0 U8 JJ'“'“ 9 s
2 =16 = (x —4)(x + 4). L x2—16=(x—4)(x +4)
Question 3.3.169.

Factor the polynomial x3=27. A) (x—3)(x*> +3x+9)
B) (x +3)(x* = 3x +9)

C) (x—=3)(x+3)

D) No factorization

E) None of these choices

Answer: A) (x —3)(x2 +3x +9)

This is a difference of cubes: oSl O S A oa lia
x3 =27 = (x = 3)(x2 + 3x + 9). o x% =27 = (x=3)(x* +3x +9)
Question 3.3.170.

Factor the polynomial x3+8. A)(x+2)(x>—2x+4)
B) (x — 2)(x* + 2x + 4)

C)(x+2)(x-2)

D) No factorization

E) None of these choices

Answer: A) (x +2)(x2 — 2x + 4) . )
This is a sum of cubes: s € el s

2 +8 = (x+2)(x2 —2x +4). L3488 =(x+2)(x% —2x+4)
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Question 3.3.171.

Factor the polynomial x® + 2x2 — 9x — 18 by grouping. A) (x —3)(x +2)(x — 1)
B) (x —3)(x + 3)(x + 2)

C) (x+3)(x—2)(x—23)

D) No factorization

E) None of these choices

Answer: B) (x — 3)(x + 3)(x +2)

Group the terms: r3gad] fonR p ol
(x3 + 2X2) - (9x+18) = XZ(X +2)—9(x +2). . (x3 + 2x2) —(9x+18) = x2(x +2)—-9(x+2)
Factor further: (x +2)(x? — 9) = (x + 2)(x — 3)(x + 3). (e +2)(x% —9) = (x +2)(x - 3)(x +3) jf’\ Jis
Question 3.3.172.

Factor the polynomial x> — 2x? — x + 2 by grouping. A) (x —2)(x + 1)(x + 2)
B) (x — 2)(x + 1)?

O x—2)(x—-1(x+1)

D) No factorization

E) None of these choices

Answer: C) (x —2)(x —1)(x+1) sead| N
Group the terms: e
(x3 _ 2x2) +(—x+2) = x2(x -2)—1(x-2). . (x3 - 2x2) +(—x+2) = xz(x -2)-1(x—-2)

Factor further: (x ~2)(e? ~ 1) = (r = 2)(x = 1)(x +1). L E=2)( -1 = (-2 - Dx+ D) AT s
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34.1
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Completing the Square

How to use completing square

Completing the Square

Completing the square is a technique to rewrite
a quadratic expression in the form ax? + bx + ¢
as a perfect square plus a constant. The process
is as follows:

1. Rewrite the Equation: Start with the qua-
dratic expression, for example, x% 4+ 6x +5.

2. Separate the Constant Term: Write it as
x? + 6x and move the constant aside.

3. Add and Subtract (%)2: To complete the

square, add and subtract (%)2 inside the ex-
pression. Here, (%)2 =9.

4. Rewrite as a Perfect Square: Rewrite as
(x +3)? - 4.

Thus, X2 + 6x +5 = (x + 3)* — 4.

This method is helpful in solving quadratic
equations and analyzing parabolas.

CHAPTER 3. EXPRESSIONS INVOLVING LINES AND POLYNOMIALS

e )
P s e BT BLY L e w0 1) LS
X A dmy 5 DslaeS” ax? +bx+c Kl

L)\ﬂ(ub.\ai\wb

Mo ¢ nw AN el Tas + Dsldl b8 G5k L 1
X2 +6x+5

coldl By 2 +6x LS eyl ad) s 2
Ll

a1 sy e (8) CAy Bl .3
(8) =9 el g (5)° e

Sl LS o o I BT Gle] L 4
C(x+3)% -4

2 +6x+5=(x+3)2 -4« JUL

oYl e Sk &L o,'unjg,:
LG g ghadll ey domg A

Complete the square for the expression x> + 6x +5. A) (x + 3)? — 4

Exercises
Question 3.4.173.
B) (x +2)* -5

C) (x+3)*-9

D) No solution
E) None of these choices

Answer: A) (x +3)2 -4

The binomial used is (x + 3). Take half of 6, square
it to get 9, then add and subtract 9.

Thus, ¥2 + 6x +5 = (x + 3)2 — 4.

Question 3.4.174.

o 5 546@A>'E.(x+3)yf.\,'a_,.ilgtﬂl

(9 s 9 e 9 e Juand

X2+ 6x+5=(x+3)2—4 (N

Complete the square for the expression x2 + 14x +50. A) (x +7)*> -1

B) (x+7)*-3
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Q) (x+7)2+1
D) No solution
E) None of these choices

Answer: C) (x+7)% +1

The binomial used is (x + 7). Take half of 14, square
it to get 49, then add and subtract 49.
Thus, x2 +14x +50 = x + 14x + 49+ 1 = (x + 7)? + 1.

Question 3.4.175.

101

oy f?<14@433>'i5.(x+7)j,arm.llétﬂl
49 ¢ is 49 sl F 49 e Jand)

L2+ 14x+50= (x+7)2 +1 (W

Complete the square for the expression x> — 12x +40. A) (x — 6)? + 4

B) (x —6)>+1

C) (x—6)>+2

D) No solution

E) None of these choices

Answer: A) (x — 6)% + 4
The binomial used is (x — 6). Take half of —12,
square it to get 36, then add and subtract 36.

Thus, x2 — 12x + 40 = (x — 6)% + 4.

Question 3.4.176.

£ 12 aa el @-6) o SESNIpE]

- 36 7 aig 36 i (;(36&&4,‘3@,-
X% —12x+40 = (x —6)% +4 N

Complete the square for the expression x + 18x + 85.  A) (x +9)? + 4

B) (x +9)% +1

C) (x+9)2%+3

D) No solution

E) None of these choices

Answer: A) (x +9)2 + 4

The binomial used is (x + 9). Take half of 18, square
it to get 81, then add and subtract 81.

Thus, x2 + 18x + 85 = (x + 9)? + 4.

s 5 5‘18@5@.(”9)?(&;11;;\;:1!
81 ¢ iy 81 ezl F e 81 o Juand)

a2+ 18x+85=(x+9)2 +4 (N
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Question 3.4.177.

Complete the square for the expression x2 —20x + 110.  A) (x —10)*> + 10
B) (x —10)> +5

C) (x —10)% + 4

D) No solution

E) None of these choices

Answer: A) (x —10)2 +10

The binomial used is (x—10). Take half of 20, ¢ ¢ ~20 ) J&b . (x=10) s poszadl Sl

square it to get 100, then add and subtract 100. . 100 C;‘ﬂj 100 oz ff ¢« 100 J—" J*‘"J LP-{j
Thus, x2 — 20x + 110 = (x — 10) + 10. . x2=20x+110 = (x— 10)2 + 10 UV
Question 3.4.178.

Complete the square for the expression x> + 6x +5. A) (x + 3)? — 4
B) (x—3)*+4

C) (x+2)*-5

D) No solution

E) None of these choices

Answer: A) (x +3)% — 4 . R
First, take half of 6, square it to get 9, then add and ("‘ «9 J“' ‘J“"‘J L""‘U’. f'" €6 hal dSU Nj‘
subtract 9. -9 CJJ".B 9 ol
Thus, x2 + 6x +5 = (x + 3)> — 4. X2+ 6x+5=(x+3)2 -4 N

Question 3.4.179.

Complete the square for the expression x? + 4x + 1. A) (x +2)*> -3
B) (x+1)> -4

C) (x+2)%-1

D) No solution

E) None of these choices
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Answer: A) (x +2)2 -3 L. . L. o o g0l
Take half of 4, square it to get 4, then add and < £ 4 bt s £ 4 A=b

subtract 4. .4 CJla.uj
Thus, x2 +4x +1 = (x + 2)> - 3. X2+ 4x+1=(x+2)2 -3 (N
Question 3.4.180.

Complete the square for the expression x2 + 10x + 16.  A) (x +5)?> =9
B) (x +5)> - 16

C) (x+5)>-25

D) No solution

E) None of these choices

Answer: A) (x +5)2 -9 L. . L. o o g0l
Take half of 10, square it to get 25, then add and i 25 4= J bt £ 10 A=b

subtract 25. . 25 z iy 25
Thus, x2 + 10x + 16 = (x + 5)2 - 9. X2 +10x+16 = (x+5)2 -9 (VN
Question 3.4.181.

Complete the square for the expression x> —6x +8. A) (x —3)? -1
B) (x-3)>-9

C) (x-3)>-5

D) No solution

E) None of these choices

Answer: A) (x—3)2 -1 L. . L . ...t
Take half of -6, square it to get 9, then add and R N Jamd s £ =6 iai MU

subtract 9. -9 CJ“‘JJ 9
Thus, x> —6x +8 = (x — 3)2 — 1. X2 —6x+8=(x—3)2 -1 N
Question 3.4.182.

Complete the square for the expression x? + 12x +40. A) (x + 6)? — 4
B) (x +6)> + 4

C) (x+6)>-16

D) No solution

E) None of these choices
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Answer: B) (x +6)2 +4
Take half of 12, square it to get 36, then add and 2l F~ ¢ 36 uk' ez lgmo f* 12 o dal

subtract 36. .

. 36 36
Thus, 32 +12x +40 = 22 + 12x + (36— 36) + 36 + 4 = P chfiu;u
(x+6)2 +4. Xt +12x+40 = (x+6)° + 4 (¢
Question 3.4.183.

Complete the square for the expression x> —8x + 15. A) (x —4)> -1
B) (x —4)>2 -9

C) (x—4)%-16

D) No solution

E) None of these choices

Answer:B)(x—4)2—1 .. N o g a.of
Take half of —8, square it to get 16, then add and ol 16 4= J et/ £ 8 A=l

subtract 16. .16 CJ.\ajj 16
Thus, x2 — 8x + 15 = (x —4)% — 1. X2 —8x+15=(x—4)2-1 N
Question 3.4.184.

Complete the square for the expression x2 — 14x +49. A) (x — 7)?
B)(x-7)2-2

C)(x-7)%>-9

D) No solution

E) None of these choices

Answer: A) (x +7)? . . o o 9.of
Take half of 14, square it to get 49. No need to T YL B 3= J Al £ 1 =l

subtract. -CJ“-U
Thus, x% — 14x + 49 = (x - 7)%. X2 —14x+49 = (x +7)% (N
Question 3.4.185.

Complete the square for the expression x> —4x +7. A) (x —2)*> +3
B) (x—2)?+1

C)(x—2)%+4

D) No solution

E) None of these choices
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Answer:A)(x—2)2+3 .. . o o 3ol
Take half of —4, square it to get 4, then add and i LNC N, bt £ 4 A=b

subtract 4. .4 CJJan 4
Thus, x% —4x +7 = (x — 2)%> + 3. X2 —dx+7=(x-2)2+3 N
Question 3.4.186.

Complete the square for the expression x> + 16x + 65. A) (x +8)* + 1
B) (x +8)> - 16

C) (x +8)> — 64

D) No solution

E) None of these choices

Answer: A) (x +8)2 +1 . . o o 500
Take half of 16, square it to get 64, then add and i 64 s Jamd bm £ 16 ol Jab

subtract 64. . 64 z iy 64
Thus, 2 +16x + 64 +1 = (x + 8)2 + 1. x4+ 16x+64+1=(x+8)2+1 (N
Question 3.4.187.

Complete the square for the expression x2 — 10x +30. A) (x —5)?> +5
B) (x —=5)2+2

C)(x=5)%+1

D) No solution

E) None of these choices

Answer: A) (x—5)2+5 . : o o ool
Take half of —10, square it to get 25, then add and £ ¢ 25 vk' bl \*'U'j £ ¢ = =

subtract 25. .25 z iy 25 (oo
Thus, ¥2 — 10x + 30 = (x — 5)% + 5. L x2—10x+30= (x—5)2 +5 UM
Question 3.4.188.

Complete the square for the expression x? +20x + 105. A) (x +10)? +5
B) (x +10)% + 1

C) (x +10)* + 4

D) No solution

E) None of these choices



106 CHAPTER 3. EXPRESSIONS INVOLVING LINES AND POLYNOMIALS

Answer: A) (x +10)% +5 . s
Take half of 20, square it to get 100, then add and (‘: « 100 dl'; J“"“‘J L""-JJ (‘: ¢ 20 hal ASU
subtract 100. - 100 CJLJJ 100 2wz
Thus, x% + 20x + 105 = (x + 10)? + 5. . X2 +20x+105 = (x + 10)2 +5 (&l
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3.5. Finding the Equation of the Conic

3.5.1 Equations of Conic Sections

Equations of Conic Sections
1. Line: A linear equation is given by

y=mx+b,

where m is the slope, and b is the y-intercept.
A line has a constant slope and no curvature.
It divides the plane into two half-planes and
extends infinitely in both directions.

2. Parabola:

- Opens up or down:

y=ax* +bx+c.
- Opens side-to-side:
x=ay*+by+c.

- Vertex: The highest or lowest point, depend-
ing on the direction it opens.

- Axis of Symmetry: A vertical or horizontal
line passing through the vertex.

- Focus and Directrix: Every point on a
parabola is equidistant from a fixed point

called the focus and a line called the directrix.

by All 6 olaill o Ysles
& f:z;,Aua;\ Ugmzﬁz;“l\u&.l
y=mx+Db,

L;-‘.é)j)i‘dowybj&‘j»md?

X G Y L) sy okl ) sl
el
S gl e s - KL il 2
y=ax* +bx +c.
Wl st -
x = ay? +by +c.
oL P ISR (- N N P B
i s e Bl ) gagf e Bl g2
Ang SR sladll Lo dai F7: Wl 8,50 -

glade laic
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3. Circle: The standard equation for a circle
with center (h, k) and radius r is:

(x=h)?+(y—k)? =1

- Center: The midpoint of all points on the cir-
cle.

- Radius: Distance from the center to any point
on the circle.

- Symmetry: A circle has infinite lines of sym-
metry and is symmetricin all directions around
the center.

4. Ellipse: - Horizontal major axis:

AV
(=2 kP _

o = 1.
- Vertical major axis:
—h 2 —k 2
-m° G=-b"_

b2 a?

-Major and Minor Axes: The longest and short-
est diameters.

- Foci: Two fixed points inside the ellipse; the
sum of distances from any point on the ellipse
to the foci is constant.

- Symmetry: An ellipse has two axes of sym-
metry (the major and minor axes).

5. Hyperbola: - Opens left-right:

(x—h? Y-k _

) ) 1.
- Opens up-down:
(V=R G- _

a2 b2

- Vertices: The closest points on each branch of
the hyperbola.

- Foci: Two fixed points; the absolute difference
in distances from any point on the hyperbola
to the foci is constant.

- Asymptotes: Two lines that the hyperbola
approaches but never touches.

These equations represent the basic forms of
conic sections.

(b)) WS e 550 Wl Dol 550 . 3
(x—hy? +(y—k)? =r.
SN e L) aepr aatie e Ol

e sl )l e BL) kil e
RN

Kl jsle e JLY sue | 5L Bl

A s> bl aa 5 Bl 055y

523! qust_:(%f;.y\) oS adll . 4
AV AV

w-h~ G-k~ _

. 7 =1
1S3 ) us* -
(x-h?  (y-k?
2 + 3 =1.
padly skl sl el oS! sl

§ 5oF ‘.da:l.” dels ot oldass 0,8 -
00,5 ) il e i gl e Bl
ool
el Bl o)y g2 d e8WI et = pladl
(W slly o)
Gl pgtie - L il 5

(x=h? (y—k?
2  »r

(y-K* (x-h?
2 2
il o g e e O 31 3 )
G slll G ot ks 0,51 -
o6,5dl ) il g il ) e Bl

1.

1.

ool

loyio 51 Cu)\ oA Olas 4 Gl beled! |
Aegesdly Ol 093

g skl Gl RN Nl sde
s Al
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Figure 25. A parabola with equation y = x* —

1 and vertex at (0, —1)

1
7x+1

Figure 24. A line with equation y

Semi-major Axis

Figure 27. An ellipse with center at (2,1),

semi-minor axis 2 along x, and semi-major

Figure 26. A circle with center at (1,2), ra-

axis 3 along y. The Cartesian Equation is:

dius 3, and radius line shown. The Cartesian

Equation is: (x — 1)? + (y — 2)?

9

y-1°

(x=2)?
3

=9
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Hyperbola \

T
Vertex (0, /2/)/

1(-2,0) } Verte

. A d hvperbol i Figure 29. A side-to-side hyperbola centered
Figure 28. An up-down hyperbola centere at (0,0) with vertices at (2,0) and (-2,0). The

at (0,0) with vertices at (0,2) and (0, —2). The 2 P

i L P2 Cartesian Equation is: % — &
Cartesian Equation is: T = 1

3.5.2 Exercises

Question 3.5.189.

The following equation x2 —4x + y2 = 0 can be rewritten as A) (x — 2)? — yz =4
B)x*+(y—-2)?=4

O)(x-2>+y*=4

D) (x+2)?+y> =4

E) None of these choices

Answer: C) (x—2)? +y> =4 . S ol s
The binomial used is (x — 2). Take half of —4, square £ = A =) oo g ‘ k.fu‘

it to get 4, then add and subtract 4. .4 CJ-\er 4 Cacs f‘ 4 & b Ly 5
Thus, ¥ —4x+ 1% = (x - 22 + y2 — 4. 2y = (x-22 + P -4 AN

Question 3.5.190.

The following equation x? + 8x + y> = 0 can be rewritten as A) (x +4)> —y> =16
B) x2+(y+4)2 =16

C) (x+4)>+y*> =16
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D) (x—4)>+y>=16
E) None of these choices

Answer: C) (x +4)% + 12 =16 Lo . -
The binomial used is (x +4). Take half of 8, square ens (: ¢ 8 hal J2l. (x+4) 5a fw‘ E?Ju‘
it to get 16, then add and subtract 16. - 16 C;“-’j 16 ozl ff <16 4= Jrad
Thus, x + 8x + y* = (x +4)> + y> - 16. X+ 8x+ Yt = (x4 + Y2 — 16 UV

Question 3.5.191.

The following equation x% —6x + y2 = 0 can be rewritten as A) (x — 3)? — yz =9
B) x>+ (y—-3)?=9

O)(x=30+y*>*=9

D) (x+3)%+y>=9

E) None of these choices

Answer:C)(x—3)2+y2=9 . s el U]
The binomial used is (x — 3). Take half of —6, square £ 0 = S 8 o e <

it to get 9, then add and subtract 9. -9 ki 9 vl (cz 9 & Jamd S
Thus,x2—6x+y2:(x—3)2+y2—9. .x2—6x+y2=(x—3)2+y2—94e,u;d

Question 3.5.192.

The following equation x% +10x + y2 = 0 can be rewritten as A) (x + 5)% — y2 =25
B) x2+(y+5)2 =25

C) (x+5)2+y*> =25

D) (x—5)2+y2 =25

E) None of these choices

Answer: C) (x +5)2 + yz =25 . e . s
The binomial used is (x + 5). Take half of 10, square ns (: ¢ 10 chal Sl (x+5) o fw‘ kfu‘
it to get 25, then add and subtract 25. . 25 C j‘ﬂ-’ 9 25 anal fh ¢ 25 J" J*"‘J
Thus, 2 + 10x + y? = (x +5)2 + y2 - 25. 2+ 10x+ Y2 = (x +5)2 + Y2 =25 (N
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Question 3.5.193.

The following equation x% + 14x + yz = 0 can be rewritten as A) (x +7)? — yz =49
B) x? + (y + 7)* = 49

C) (x+7)> +y*> =49

D) (x—7)*+y? =49

E) None of these choices

Answer: C) (x +7)? + % =49 . e . -
The binomial used is (x + 7). Take half of 14, square ems 5 (‘; e R fw‘ kfw‘
it to get 49, then add and subtract 49. .49 C Aaly 49 acai ( <49 L oz
Thus, ¥* + 14x + y? = (x +7)? + y> — 49. P+l +y? = (x+7)2 +y UV

Question 3.5.194.

The following equation x* + 8x + y?> — 6y = 0 can be rewritten as A) (x +4)? + (y —
3)2 =25

B) (x +4)> - (y—3)> =25

C) (x—4)2+(y+3)> =25

D) (x +4)* + (y +3)*> =25

E) None of these choices

Answer: D) (x +4) + (y - 3)2 = 25 aai dab . (=3) 5 (r+4) L Yleasd! plil

The binomials used are (x +4) and (y — 3). Take half 2.z f;’ ¢ 9 416 J" WSV f;’ ¢ =6 48
of 8 and —6, square them to get 16 and 9, then add . f‘m i c s

and subtract these values. 5 5 5 5 .
Thus x2+8x+y2—6y= (x+4)2+(y—3)2—25. X +8x+y —6y=(x+4)+(y-3)"-25=0 <N

Question 3.5.195.

The following equation x? —10x + y2 +4y = 0 can be rewritten as A) (x — 5)% —
(y+2)2=29

B) (x —5)*+ (y+2)> =29

C) (x+5)2 - (y—2)> =29

D) (x—5)%+(y—2)*> =29

E) None of these choices
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Answer: B) (x —5)% + (y+ 2)2 =29

The binomials used are (x — 5) and (y + 2). Take half
of —10 and 4, square them to get 25 and 4, then add
and subtract these values.

Thus, x2 — 10x + y2 +4y = (x— 5)2 + (y+ 2)2 - 29.

Question 3.5.196.

113

Caai 32l (y+2) 5 (1=5) laa Gleasiadl Glol)
ooz (;‘4525&MLH,- 5445—10
cx2=10x + Y2 +4y = (x = 5% + (y +2)% =29 (&N

The following equation 4x? + 16x — 9y + 36y = 0 can be rewritten as A) (2x +4)% —

By —6)> =36

B) (2x —4)?> + By + 6)> = 36
C) (2x +4)* + 3y — 6)* = 36
D) (2x —4)? — (3y + 6)* = 36
E) None of these choices

Answer: A) (2x +4)2 — By - 6)% =36

The binomials used are (2x + 4) and (3y — 6). Factor
out 4 and -9, take half of 8 and —12, square them to
get 16 and 36, then add and subtract these values.
Thus, 4x? + 16x — 9y* + 36y = (2x +4)*> — (3y — 6)* —
36.

Question 3.5.197.

poi . (By—6) 5 2r+4) L Sleasd! ol

b
ol ode 7 s a0 36516 Js fand
k{

54—1258@43;\5&—954@5{

(ol
. 4x? +16x - 9y? + 36y = (2x +4)> — (3y — 6)> — 36

The following equation 9x? + 36x + 4y? — 16y = 0 can be rewritten as A) (3x +6)% +

Qy—4)> =36

B) (3x — 6)? — 2y +4)> = 36
C) (3x +6)*> — 2y —4)* = 36
D) (3x — 6)% + 2y +4)*> = 36
E) None of these choices

Answer: A) (3x +6) + 2y — 4)* = 36

The binomials used are (3x + 6) and (2y — 4). Factor
out 9 and 4, take half of 12 and -8, square them to
get 36 and 16, then add and subtract these values.
Thus, 9x? + 36x + 4y* — 16y = (3x + 6)* + 2y — 4)* —
36.

ey . (y-4) 5 Br+6) L Sleasd! ol

b=
ol ode s a0 16536 Js fand
k{

(;4—8312@;\5@(439@5{

cl)
. 9x2 +36x +4y? — 16y = (3x + 6)* + (2y — 4)> - 36



114 CHAPTER 3. EXPRESSIONS INVOLVING LINES AND POLYNOMIALS

Question 3.5.198.

The following equation x? + 4> — 6x + 8y = 0 represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola

Answer: C) Circle

The binomials used are (x — 3) and (y + 4). Take half
of —6 and 8, square them to get 9 and 16, then add
and subtract these values.

Thus, x2+y2—6x+8y = (x—3)2+(y+4)2—25.
This is a circle centered at (3, —4) with radius 5.

Question 3.5.199.

Caai 3l (y+4) 5 (1-3) las Sleasiad] Glol)
%5&1659&ML¢;{J5€&83—6
Py —6x+8y=(x—-32+({y+4)>%-25 (NN

The following equation y? + 4y — 8x = 0 represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola

Answer: B) Parabola

The binomial used is (y + 2). Take half of 4, square
it to get 4, then add and subtract this value.

Thus, y? + 4y — 8x = (y + 2)> — 8x. This is a parabola
that opens to the right.

Question 3.5.200.

huip 4 gﬁ.(y+2)y¢w\jw1
ol oo ¢ Wy i ¢4 o fand

Ll Jae lia Yy +4y—8x = (y+2)> —8x (N
el ) iy B

The following equation 4x* + y> — 8x + 4y = 0 represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola
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Answer: D) Ellipse

The binomials used are (2x — 4) and (y + 2). Factor
out 4 for x, take half of —8 and 4, square them to get
16 and 4, then add and subtract these values.

Thus, 4x2 + 42 — 8x + 4y = 2x —4)? + (y + 2)> - 16.
This is an ellipse centered at (2, —2).

Question 3.5.201.
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5B - (42 5 2x-4) La plasd! ol
b fcd s 8 i 3sb o 34 mss
.ﬁﬁloﬁcﬁj%ffﬁjlék};w

C Ay - Bx+dy = (2047 + (y+2)7 - 16 (N
(2,-2) o5 Ll Luas [ Viag

The following equation 9x% — 4y? — 18x + 16y = O represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola

Answer: E) Hyperbola

The binomials used are (3x — 3) and (2y + 4). Factor
out 9 for x and —4 for y, take half of —6 and 8, square
them to get 9 and 16, then add and subtract these
values.

Thus, 9x — 4y? — 18x + 16y = (3x — 3)*> — 2y +4)* —
25. This is a hyperbola centered at (1, -2).

Question 3.5.202.

psi Qy+4) 5 Bx-3) ka plaxud! oLl
55'48}—6@J\>'U4y$—4jx$9@j52{
f\dl

(i
9x2 — 4y? — 18x + 16y = (3x — 3)2 — Qy +4)*> - 25
C(1,-2) o5 106l Lk Lo 1kag

The following equation x? + y? — 12x + 10y = —25 represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola
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Answer: C) Circle

The binomials used are (x — 6) and (y + 5). Take half
of —12 and 10, square them to get 36 and 25, then
add and subtract these values.

Thus, x> + y> — 12x + 10y = (x — 6)> + (y + 5)% - 61,
resulting in (x — 6)% + (y+ 5)2 = 36. This is a circle
centered at (6, —5) with radius 6.

Question 3.5.203.

aai 33l . (y+5) 5 (1=6) lan Gleaszad] Glol)
el F025 536 fo Jand bm £ 10 5 12
L2+ —12x+10y = (x - 6)% + (y +5)2 — 61 NN

-6 ka3 Caaly (6,-5) WSe 351 i Liag

The following equation 9x? — 4y? — 54x + 16y = 100 represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola

Answer: E) Hyperbola

The binomials used are (3x —9) and (2y + 4). Factor
out 9 for x and —4 for y, take half of —18 and §,
square them to get 81 and 16, then add and subtract
these values.

Thus, 9x? — 4y? — 54x + 16y = (3x — 9)*> — 2y +4)* —
100, resulting in (3x — 9)? — (2y +4)% = 100. This is a
hyperbola centered at (3, —2).

Question 3.5.204.

s . Qy+d) 5 Br-9) ba plasidl gLkl

(;485—18@;\>'E4y¢—45x¢9@3;{

odb  faly bodl & 16 5 81 fo Juand lm
IRV

9x? — 4y? — 54x + 16y = (3x — 9)> — (2y +4)*> — 100

L (3,-2) o 1l ks fies Viag

The following equation 25x2 + 16y? — 100x + 64y = 36 represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola
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Answer: D) Ellipse

The binomials used are (5x — 10) and (4y + 8). Factor
out 25 for x and 16 for y, take half of —100 and
64, square them to get 100 and 64, then add and
subtract these values.

Thus, 25x? + 16y? — 100x + 64y = (5x — 10)* + (4y +
8)2 — 196, resulting in (5x — 10)? + (4y + 8)> = 36.
This is an ellipse centered at (2, —2).

Question 3.5.205.
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poii . (4y+8) 5 (5x—10) lea Sleasdl it
(64 5 -100 i) dsb oy 516 5 x 325 mism
Ty e F 64 5100 e Jamd bm i g

.ﬁ."aﬂ VY
EURY

25x2 +16y? — 100x + 64y = (5x — 10)? + (4y + 8)*> — 196
(2,72 o5 Ll Llas i Viag .

The following equation y? — 10y — 8x = 24 represents a A) Line

B) Parabola
C) Circle

D) Ellipse

E) Hyperbola

Answer: B) Parabola

The binomial used is (y —5). Take half of —10,
square it to get 25, then add and subtract this value.
Thus, y? — 10y — 8x = (y — 5)* — 25 — 8x, resulting in
(y—5)? = 8x +49. This is a parabola that opens to
the right.

£ 10 ol b (-5 s pasdl gl
Jie Vg . y2—10y—8x = (y—5)*-25-8x N
e JJC::@EAKALLB



CHAPTER

Equations involving
Radical, Logarithms and
Exponentials

4.1. Radical Equations

4.1.1 Tips for Radical

Radical Equations

A radical equation is an equation in
which the variable appears under a
radical, such as a square root or cube
root. To solve radical equations, follow
these steps:

1. Isolate the Radical: Get the radical
term alone on one side of the equation
if possible.

2. Eliminate the Radical: Raise both
sides of the equation to the power that
matches the index of the radical (e.g.,
square both sides if it’s a square root).
3. Solve the Resulting Equation: After
removing the radical, solve the remain-
ing polynomial or linear equation.

4. Check for Extraneous Solutions:
Raising both sides to a power can intro-
duce extraneous solutions. Substitute
solutions back into the original equa-
tion to verify.

118

L, oYl

et ! L gl Dslee B byt Y

NP T CA R P [ VA RS

SAIRCANSAPIFERCARCANRNL

P PR A RNVE VR VA R [ )

Sl o) Bl gl el

Sl ) sl 36 )5 LA e el 2.

I5] O] 367 w0 i) 3 25e Gl QI

(G5 [l OF

¢ '. Jls a2 & s 3.
J= !l LW Bl

kal) Zemg A1 o £dad ] sl

) O 56 w0 GBI J e eI 4

el 3l Job J) ook o oKe 3g

el oY D g S s



4.1.2

1. RADICAL EQUATIONS

Example: Solve Vx+5=x-1.

- Square both sides: x +5 = (x — 1)2.

- Expand and solve: x +5 = x? —2x + 1.
- Rearrange: 0 = x? — 3x — 4.

-Solve: x =4 orx = -1.

- Check: x = —1 is invalid, so the solu-
tionis x = 4.

Radical equations require careful han-
dling to avoid false solutions.

Exercises

Question 4.1.206.

Solve the equation V2x+1=3. A)x=4

B)x=3
C)x=5
D)yx=2

E) None of these choices

Answer: A)x =4

Square both sides to remove the square root:
V2x+1=3

=2x+1=9

Solve for x:

2x=8=x=4.

Question 4.1.207.
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CVx+5=x-1 Jo i Jle

Cx+5=(x—1)2 ok y(cf_
cx+5 =00 =21 Ay mesdl ;-
L0=x2-3x—4 :cwAl Bsle) -
.x=—1;\x=4:JA1_

x=4 ga J 03D o x=-1 52l -

G

et Al A o bl
V2x+1=3
=>2x+1=9

L x o Jyanl) Dol g

. 2x=8=>x=4

Solve the equation Vx+4=x-2. A)x=6

Byx=2
C)x=5
D)x=8

E) None of these choices
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Answer: C)x =5

Square both sides to remove the square root:

Vx+d=x-2

= x+4=(x—2)>
Expanding and simplifying,
x+4=x2—4x+4

¥2-5x=0= x=50rx = 0. Weexclude x = 0, since
it satisfies not the starting equation VO+4 # 0—2.

Consequentially, the solution is x = 5.

s A od ] e el o )
Vx+d=x-2

S x+4=(x-2)

lelacuts U:u‘@.@:{

x+4=x>—4x+4

¥ oY x=0 sndd . x=0 ol 22-5x=0=x=5
o Jdl JUly VO+4#0-2 ado¥) skl Gag

%=

Question 4.1.208.

Solve the equation V2x+2=4. A)x =5
B)yx=4

Ox=6

D)yx=7

E) None of these choices

Answer: D) x =5

Square both sides to remove the square root:

V2x+2=4
=>2x+2=16

Solve for x:
a=14=x=4=7.

Question 4.1.209.

Solve the equation Vx+5 =x-1.
B)x=4

C)x=5

D)yx=7

E) None of these choices

Answer: B) x =4

Square both sides to remove the square root:

Vi+5=x-1
=x+5=(x—1)?
Expanding and simplifying;:
x+5=x2-2x+1
Rearrange to find x:

¥ -3x-4=0=>x=4.

Note: We excluded x = —1 because it does not satisfy

the original equation after verification.

Zwﬂ‘J#‘wMO}éﬁ‘ &
V2x+2=4

=2x+2=16

:x&&dj,.aau U;L.l‘ds'

Bx=ld=sx=4=7

A)x=6

s Al 3 e el o
Vx+5=x-1

=x+5=(x—1)?2

:U:U!Mj Cwy

x+5=x2-2x+1

sx oY Dl G am
.x2-3x-4=0=2x=4

oY Dbl Gig ¥ oY x= -1 Uil s dasdle
Gl
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Question 4.1.210.

Solve the equation V4 —4x = x—1.
B)yx=1

Ox=0

D)x=3

E) None of these choices

Answer: B)x =1

Square both sides to remove the square root:
V4—-4x=x-1

=4-4xr=(x-1)>

Expanding and simplifying;:

4—4dx=x>-2x+1

Rearrange to find x:

x2+2x-3=0

Factor:

(x+3)(x—-1)=0

This gives x = -3 or x = 1.

Verify each solution: For x = —3, substituting into
the original equation does not hold. Thus, x = -3
is an extraneous solution. Only x = 1 satisfies the
original equation.
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A)x=-3

s A ad ] e jalsl o )
Vi—4dx=x-1

=4—4x = (x—1)?

skl dauwsy s

4-4x=x*-2x+1

sx oY Dl G oaw

2 +2x-3=0

;s

x+3)(x-1)=0

.x:ljx:—?) o Ulaw

Dl 332 ¥ x=-3 o f o Gaxdl am
Gig g amgll g1 s o gn JUL koYl
cx=1 ga ghoN! Dol
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4.2. Exponential and Logarithmic Equations

4.2.1 Tips for Exponential Equations

e Rewrite with a Common Base: If both sides of the equation have bases that
can be rewritten as the same base, rewrite them accordingly.

Example: Solve 4%t = 22¥+3,

1. Rewrite 4 as 22: (22)¥*1 = 22¥+3,
2. Simplify the exponents: 2(x + 1) = 2x + 3.

3. Set the exponents equal: 2x +2 = 2x + 3, giving x = 1.

cx=1 afy Labade SLLY Jamd ¥ ey &2 JUS 4 sl L

e Set Exponents Equal: Once you have the same base on both sides, set the
exponents equal to each other.

Example: Solve 3**2 = 3°,

1. Set x + 2 = 5, as the bases are the same.

2. Solve for x: x = 3.

e Use Logarithms When Bases Can’t Be Equalized: If it's impossible to rewrite
both sides with the same base, take the logarithm of both sides (common or
natural log) to bring the exponent down.

Example: Solve 5* = 15.

1. Take In of both sides: In(5%) = In(15).

2. Use the power rule: xIn(5) = In(15).

3. Solve for x: x = %

X g olgY F:"U‘“;\” asls planiad O al) & el sl

mn. — gm. gn

e Apply Properties of Exponents: Use key properties such as a
and a7 = 2—7: to simplify complex exponentials before solving.
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Example: Solve 2¥*1.2%"2 = 8,

1. Combine exponents: 20+1)+(x=2) = 22x-1 = 73,
2. Set exponents equal: 2x — 1 = 3.

3. Solve for x: x = 2.

4.2.2 Tips for Logarithmic Equations

e Rewrite in Exponential Form: If the equation is in logarithmic form, convert
it to exponential form to simplify.

Example: Solve log,(x) = 3.
1. Rewrite in exponential form: x = 43 = 64.

X T oy B8 8yl 3 & el LS

e Combine Logarithms on One Side: If the equation has multiple logarithms,
use properties of logarithms to combine them.

Example: Solve log(x) + log(x + 3) = 1.
1. Use log(ab) = log(a) + log(b): log(x(x + 3)) = 1.

2. Rewrite in exponential form: x(x + 3) = 10.

3. Solve the resulting quadratic equation.

e Use Logarithmic Properties: Remember properties like:

- log,(xy) = log,(x) + log,(y)
- loga (%) = logg(x) - loga(y)
- log,(x") = nlog,(x)

Example: Solve log,(8x) = 4.

1. Rewrite as log,(8) + log,(x) = 4.
2. Substitute log,(8) = 3: 3 +log,(x) = 4.
3. Solve for x: log,(x) = 1, giving x = 2.
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e Check for Extraneous Solutions: Ensure that solutions do not make the ar-
gument of the log negative or zero.

Example: Solve log(x —2) = 1.

1. Rewrite in exponential form: x —2 = 10, so x = 12.

2. Check that x —2 > 0, confirming x = 12 is valid.

e Apply Inverse Properties: Use a'°%: = x and log,(a*) = x to isolate the
variable when possible.

Example: Solve 1018 = 100.

1. Simplify using inverse properties: x = 100.

4.2.3 General Tips

o Practice with Different Logarithmic Bases: Be comfortable switching bases
log..(b)
log.(a)"

using log (b) =

Example: Solve log,(27) = x.

1. Rewrite with base 10: x = 110 0%;(237)) = 3.

e Use Approximation When Needed: Approximate logarithmic or exponen-
tial results with a calculator if necessary.

Example: Solve 2* = 10.

1. Take log of both sides: log(2*) = log(10).

2. Solve: x = T85) ~3.32.

e Review Inverse Properties: Recall In(e*) = x and e = x for positive x.
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Example: Solve ¢?* = 7.

1. Take In of both sides: 2x = In(7).

2. Solve for x: x = @

By mastering these tips, properties, and example applications, solving exponential
and logarithmic equations becomes easier and

4.2.4 Exercises with solutions

Question 4.2.211.

Solve the equation 321 =27. A)x =1
B)yx=2

Ox=0

D)x=-1

E) None of these choices

Answer: A)x =1 : 3% JUV 27 il LL{ A
Rewrite 27 as 3°: 32041 _ 33
P = Gylade el Jag o gludle SLLY Gl L
Since the bases are equal, set the exponents equal: e ool ot s = =
2x+1=3 2x+1=3
2x=2=x=1 2x=2=>x=1
Question 4.2.212.

Solve the equation 5*71 = . A)x =2

B)x=-1

Ox=0

D)yx=-2

E) None of these choices

Answer: D) x = -2 : 572 L",l\:JK = LS A
Rewrite 21—5 as 572 5x-1 — 52
=57 Lolde o s
Set the exponents equal: ) =3
x—1=-2 x-1=-2
x=-1 . x=-1

Question 4.2.213.
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Solve the logarithmic equation log;(x +1) =2. A)x =38

Byx=7
C)x=6
D)x=9

E) None of these choices

Answer: B)x =7 :d\.,;\ﬂ Sl dsladt L™ wms
Rewrite the equation in exponential form: ) x4l=32
x+1=32

x+1=9
x=8. -x=8

x+1=9

Question 4.2.214.

Solve the equationIn(x —2) =1. A)x=e+2
B) x =2e

Cx=e-2

D)yx=2-e

E) None of these choices

Answer: A)x=e+2 :d‘”;\” Sl Usld) LS

Rewrite in exponential form: x—2=¢l

z=2=c"
x—2=e
x=e+2.

Question 4.2.215.

Solve the equation 2* = 16. A)x =1
B) x = %

C)x=2

D) x = %

E) None of these choices

Answer: B)x = 3 02 JUE 16 LS aw
Rewrite 16 as 24: 23x _ o4
2 =2 Lol ol Just
Set the exponents equal: e el e
3x=4 3x=4
X = % O %

Question 4.2.216.
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Solve the equation 4*+! = 223 A) x = -1

Byx=2
C)x=3
D)x=1

E) None of these choices

Answer: D) x =1 ;22 = 2204 JET 4 Gl aa

Rewrite 4¥*1 as (22)%+1 = 22(:+1). 92(x+1) _ p2x+3
22(x+1) — 22x+3

Since the bases are equal, set the exponents equal: :4.15\..«-\» U b J RS Lo oLl ol e
2x+1) =2x+3 2(x+1)=2x+3
2x + 2 = 2x + 3, which simplifies to x = 1. cx=1 af bedlg e 2x+2=2x+3

Question 4.2.217.
Solve the equation 10g5(x2 -1)=2. A)x=3

B)x=4
CO)x==+4
D)x=2

E) None of these choices

Answer: C) x = +4 :gw‘\f\ Sl dsladl L7 wms
Rewrite in exponential form: 2—1=5
¥2-1=52 2

5 x<=1=25
xc=1=25
x2 =26 x? =26
x = +4. .x=+4
Question 4.2.218.
Solve the equation ¢?* = ¢**3. A)x =3
Byx=2
Ox=1
D)x=-3

E) None of these choices

A.nswer: B)x=3 1 & gluale U....:\f\ St (@l oLl ()“ e
Since the bases are the same, set the exponents equal: oy =143
2x=x+3

s .x=3

Question 4.2.219.
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Solve the equation 2*+2 = 8-2%. A)x =4
Byx=2

Ox=1

D)x=-1

E) None of these choices

Answer: B) x =2

Rewrite 8 as 23

2x+2 — 23 DX

Combine exponents on the right:

2X+2 _ ox+3

Since the bases are equal, set the exponents equal:
x+2=x+3

x=2.

Question 4.2.220.

Solve the equation log,(4x —5) =3. A)x=6

Byx=7
C)x=8
D)x=9

E) None of these choices

Answer: C)x =8

Rewrite in exponential form:
4x-5=2

4x-5=38

4x =13

x=8.

Question 4.2.221.

Solve the equation 32 =9-3%"1. A)x =2
B)x=0

CO)x=-1

D)x=1

E) None of these choices

023 JUK 8 Lk aw
i 2X+2 _ 93 . ox

o o) e ! g g o

2X+2 _ px+3

(G glde eV g (i glde LLY o e

x+2=x+3

.x=2

;gﬁxn Sl Uslad) LS as
4x-5=23
4x-5=28

4x =13
.x=8
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Answer: D) x =1

Rewrite 9 as 3%

32x — 32 . 3)(71

Combine exponents on the right: 32% = 3¥*1,

Since the bases are the same, set the exponents equal:
2x=x+1,s0x =1.

Question 4.2.222.

ol £ 3 JUS 9 sadl Gl s

Solve the logarithmic equation logs(x + 1) +logs(x —1) =1. A)x=3

B)x=4
C)x=2
D)x=5

E) None of these choices

Answer: A)x =3

Combine logs using log, (x) +log,(y) = log,(xy):
logs((x +1)(x—1)) =1

Rewrite in exponential form: (x + 1)(x — 1) = 51
x?-1=5s0x* =6.

Solve for x: x = 3.

Question 4.2.223.

Solve the equation 2*+2 = 8¥~1,
B)x=4

C)x=-2

D)x=0

E) None of these choices

Answer: C) x = -2

Rewrite 8 as 23

2x+2 — (23)x—1

Simplify the exponents: 2¥*2 = 23%=3,

Since the bases are the same, set the exponents equal:
x+2=23x-3, giving x = -2.

Question 4.2.224.

A)x=3

Sl Dsladt G ww (;zoudujm g B

et 3 oY ooy £ 2 JUS8 sl L
Cx=-2 5y @yl

Solve the equation In(x + 1) = In(x - 1) = In(2). A)x =3

B)x=4
O)x=2
D)yx=1
E) None of these choices
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Answer: C) x =2
Combine logs using In(e) ~In(t) = In£): KAl Bl 3 et el il g 53
In (1) = In@2) ’ S . e

- Lx=2 ol ag Dl pRe]
Rewrite in exponential form: % =2 * S est Bl A
Cross multiply: x +1 = 2(x — 1), giving x = 2.

Question 4.2.225.
Solve the equation 10%* = 1000 - 10*. A)x =2

B)x=3
CO)x=0
D)x=-1

E) None of these choices

Answer: B)x =3
Rewrite 1000 as 10%:
10% = 10% - 10
Combine exponents on the right: 102 = 10%+3. -2 =3 e Jand & 5l
Set the exponents equal: 2x = x + 3, giving x = 3.

P &0 107 JOE 1000 suall LS

Question 4.2.226.

Solve the equation 2**1 = —16. A) x = 4
B)x=-4

C) No solution

D)x=0

E) None of these choices

Answer: C) No solution ui“'" y px+l O? (e oh =&l I,,..}i\ W Jle C)i e
Since the range of an exponential function is always L, - .
positive, 21 can never be negative. WL 0K 0
Therefore, there is no solution to this equation. AWl oy J> Ao g NRTERY

Question 4.2.227.

Solve the equation log,(x +2) = log,(—x). A)x =2
B)x=-2

C)x=0

D) No solution

E) None of these choices



2. EXPONENTIAL AND LOGARITHMIC EQUATIONS 131

Answer: D) No solution R) }'<i Q;‘ oWy logy(—x) 3 logy(x +2) Oi e
Since log;(x +2) and log;(—x) require that x +2 > 0 £ . .

. AL . . . _
and —x > 0, both conditions cannot be true simulta- U 0 u.(r ¥ bl o« ) g 0 2 .x +2>0
neously. gl s S oe=s
Thus, there is no solution to the equation. Asldl ol o de g YN

Question 4.2.228.

Solve the equation In(x?) = In(0). A)x =0
B)yx=1

C) No solution

D) All real numbers

E) None of these choices

Answer: C) No solution Lo x J ded do g S (D me s In(0) Qi e
Since In(0) is undefined, there is no x that can satisfy AR
.4 s

the equation.
Al ody o de gy Y el

Therefore, the equation has no solution.

Question 4.2.229.

Solve the equation ¢?* = ¢**. A)x =0
B) All real numbers

C) No solution

D)yx=2

E) None of these choices

Answer: B) All real numbers d‘\J Samy e = ¢ Ok Ollaze @ SLd! Sk Qi e
Since both sides of the equation are identical, ¢** = ) i
¢%* holds for any value of x. ) ’ )
Thus, the solution is all real numbers. Aaad) slaeY) G 58 J1 el

Question 4.2.230.

Solve the equation log,,(x) = log;,(x?). A)x =1
B)x=0

C)x=10

D) x = +1

E) None of these choices
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Sl okawy ¢ ox=22 JUE Dl L aw
Answer: D) x = 1 z .
Rewrite as x = x2. - x(x=1)=0
Rearrange to x> — x = 0, then factor: x(x — 1) = 0. 3 él..o 2 x=0 Sy x=1 ol x=0 555
Sox =0orx =1, butx = 0is invalid in log;,(x). ) - logy,(®)

Thus, the solution is x = %1. L x=zl o0 JA‘ RN

Question 4.2.231.

Solve the equation 4*+2 = 8*°1. A)x =4
B)x=5

C)x=-2

D)yx=1

E) None of these choices

Answer: A)x =4
Rewrite 4 as 22 and 8 as 23:

2yx+2 — (»3)x—1
@2+ = @) . i _
22(x+2) — 23(x-1) o 2 L"}l\:]{ 8 ¢ ¢ 2 k"}le 4 sad) LS ww

Set the exponents equal: Cx=4 a5 Gylude Wfﬂ\ =t
2(x+2)=3(x-1)

2x+4=3x-3

x=4.

Question 4.2.232.

Solve the equation 3**! + 3% = 36. A)x =2
B)x=3

COx=-1

D)x=0

E) None of these choices

Answer: A) x =2

Rewrite 3**1 as 3 - 3%

3-3"+3"*=36

Factor out 3%: LX=2 af g K (;‘ 3-3% JWE 3 LS s
3*B+1) =36 i

3%.4=36

3*=9,s0x =2.

Question 4.2.233.

Solve the equation log,(x + 1) +log,(x —=1) =3. A)x =4
B)x=5

C)x=6
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D)x=2
E) None of these choices

Answer: A)x =4

Combine logs: log,((x + 1)(x—1)) =3

Rewrite in exponential form: (x + 1)(x —1) = 23
x?-1=8,s0x*=9.

Solve for x: x = 4.

Question 4.2.234.

Sl Doladl L ff':QLoZ_'JLij,U‘ gN oo
.x=4div\.‘.jk_5w§‘

Solve the equation 52 = 125-5%. A)x =3

B)x=2
Ox=1
D)x=0
E) None of these choices

Answer: B) x =2

Rewrite 125 as 5°:

52 — 53.5%

Combine exponents on the right: 5% = 53
Set the exponents equal: 2x = x +3,s0 x = 2.

Question 4.2.235.

Solve the equation In(x?> — 1) = In(x + 1).
B)x=-1

Ox=1

D)x=0

E) None of these choices

Answer: C)x =1

Rewriteasx2 —1 = x + 1:

2-x-2=0

Factor: (x —2)(x+1) =0

Sox=2orx=-1.

However, In(x + 1) requires x + 1 > 0,s0 x = 1.

el st &0 5 JUS 125 sadl L
Cx=2 O amd & glade

A)x=2

ag g Wl g e -1 =x+1 JUE Doldl L7
cx=1 sa éu!&i\;j



CHAPTER

Linear Systems of
Equations and Inequalities

1. Solving an Equation in the Form Ax + By =
C

For an equation in this form: Ax + By = C iso-
late ¥ by moving Ax to the other side, then
divide by B: y = —%x + %

2. Solving a Two-Variable System of Linear
Equations

To solve a system like:

A1x+Bly =C
A2x+B2y = Cz

use substitution or elimination to find x and y.
3 Solving Vertical and Horizontal Lines

For horizontal lines of the form y = ¢, vy is
constant. For vertical lines x = d, x is constant.
Remark on Non-Standard Forms. Sometimes
equations appear in non-standard forms, like

y = pi— or other rearranged formats. To solve,
first simplify the equation by clearing fractions
or distributing terms until it resembles a more
standard form.

5.1. Linear Systems of Equations in two variables

5.1.1 Review Tips for Solving Linear Systems of Equations

Ax+By:CbK.:1d\w2bLuJ>.1
Av Jiy y Jom 3 Ax+By=C :fi Dolas
y=-fx+§ B s s FosNI O
Syt Ofdes oles Sl o . 2
e s 4

{A1x+B1y=C1

Axx +Boy = Cy
Yy x sl Gkl sl el s
ik Jly 1Y Lyld) o 3
LB 1 o5 y=c JKall o 291 Lokl
b x 09K x=d Gl )l byldl 3
ekl e YLl g Lo
s e I8l SYald) i bV ae s
Pl s sl a1 UK STy = g g
g5 ol S A Gk e Bolall Ly Yl
b3 b el OF ) 2902

1. Solve for one variable first: Choose the simpler equation and solve for one

variable in terms of the other.

134
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Example:
x+y=>5
2x -3y =4
Solve for x in the first equation: x =5 —y.

x=5-y :J;\H Doldl o J= Tas

2. Substitute carefully: Substitute the expression from Step 1 into the other
equation, ensuring you replace every instance of the chosen variable.

Example: Substitute x = 5 — y into the second equation:

26-y)-3y=4

AW Dslad) 3 x=5-y Loem

3. Solve the resulting equation: After substitution, you'll get an equation with
one variable. Solve it as you normally would.

Example: Continuing from above:

10—2y—3y:4:>—5y:_6:>y:§

Ly oY Ul Bsldl s

4. Back-substitute to find the other variable: Substitute your solution back into
the equation you used in Step 1 to find the remaining variable.

Example: Substitute y = g backintox =5 -y

B o228 L)
~°757 75 5

S e oY oSl gl o

5. Double-check the solution: Substitute both values into the original equa-
tions to ensure they satisfy both equations.

ke G 3 sl G e B e G
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Tips for the Elimination Method.

1. Align coefficients carefully: If necessary, multiply one or both equations to
align the coefficients of one variable for elimination.

Example:
3x+2y =12
{4x -y=38
Multiply the second equation by 2 to align the y coefficients:
3x+2y =12
{Sx -2y =16

Y Olae amgd 2 3 Wl skl O ey 5 o

2. Add or subtract to eliminate a variable: Add or subtract the aligned equa-
tions to eliminate one of the variables.

Example: Add the two equations above:

Bx+2y) +(8x—2y) =12+16 = 11x =28 = x = %

cx oY gy WY sl Cd

3. Solve for the remaining variable: Substitute the value from Step 2 into either
original equation to solve for the remaining variable.

Example: Substitute x = 28 back into the first equation:

3(%)+2y:12zy:solvefory

cy sy J;\H Usladl 3 X Ld e

4. Check your solution: Substitute both values back into the original equations
to confirm they satisfy both.

ke Wl 5 el b s T e Ga

5. Look for special cases: If you end up with a statement like 0 = 0, the system
has infinitely many solutions. If you get a contradiction like 0 = 5, the system
has no solution.

Jo o plc 0=5 fre mls e lhas 3]0l oYW e G
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Choosing the Right Method.

- Use Substitution when one equation is easily solvable for one of the variables
(e.g, x=y+3).
bl aeY Py Jol A6 Vbl ga] 055 bnis oy gl G b o
- Use Elimination when aligning coefficients of one variable is straightforward,
or when both equations are already in standard form and aligning coefficients is
easy.
ol sel Sl am g ! o 05K Loais Ak Ty b skl

Exercises for Substitution Method

Question 5.1.236.

Solve the system of equations by the Substitution Method:
2x-3y=7

x+y=4 A)(x,y) = (5,3)

B) (x, 1) = (19 11)

Q) (o) =(%3)

D) (v,y) = (%, 4)

E) None of these choices

Answer: C) (x,y) = (19 1)

1. Solve for x in the second equation: x = 4 —y. cx =4y JUE W D5l e x g2 p 3
2. Substitute x = 4 — y into the first equation: gy .

FPRY N sl =d-y e o
24-y)-3y=7 Uy Jo¥I Dl g =d-y oemi ¢
3. Simplify and solve for y: 24-y)-3y=7
8-2y-3y=7 ) cy=% gl By =1 g el
—5y=-1,s0y = 3. T Jymd—y sy=l ey
4. Substitute y = %back into x =4 -y to get: 5 Tl 195 1&5—:—’
x=d4-i=2_ LoD @y = (8 3) &)
So (x,y):(% %3

Question 5.1.237.

Solve the system of equations by the Substitution Method:
3x -2y =14

x—y=10 A)(x,y) = (-6,-16)

B) (x,) = (5,~4)

O (x,y) = (2,-1)

D) (x,) = (4,0)

E) None of these choices

L)
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Answer: A) (x, y) = (-6,-16)

1. Solve for x in the second equation: x = y + 10. 5

2. Substitute x = y + 10 into the first equation: -x=y+10 :ng LU DY e x0T

?zf1?;2yzlﬁ f taiy Jo¥ Dol 3x=y+10 pom ¢
. Simplify and solve for y: 3(y+10)-2y =14

3y+30-2y =14 _
cy=-16 af claedl

y+30 =14
y=-16. .x:—6JsMx:y+10$y:—l6&jg
4. Substitute y = —16 back into x = y + 10 to get: . (% y) = (-6,-16) “31

x=-16+10 = —6.
So, (x,y) = (-6, -16).

Question 5.1.238.

Solve the system of equations by the Substitution Method:
2x+3y =12

x-y=2 A)(xy) (22

E) None of these choices

Answer: C) (x,y) = (%, %)

1. Solve for x in the second equation: x = y + 2. Cx=y+2: JUE W sl e x g2 T
2. Substitute x = y + 2 into the first equation: . P -
2y+2) +3y =12 iy JOV ALl g x=y+2 (oga ¢
3. Simplify and solve for y: 2(y+2)+3y =12
§y+4é+3y=1§ cy =8 g el
y: ,soyzg. .x=§ ,)x= +2 . =§ S 9
4. Substitute y = g back into x = y +2: > Jj v SV 185 8‘)’)—?
x=4%+2=8+0-18 -(x/y)=(§/5)4‘5!
So, (x,y) = (%, %)
Question 5.1.239.

Solve the system of equations by the Substitution Method:
dx-y=7
x+2y=11 A)(x,y) = (5 37)

B) (v,v) = (3. %)

E) None of these choices
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Answer: B) (x,y) = (%, 37,7)

1. Solve for x in tl;iyﬁrst equation: x = 7:I—y. _ % :Ju{ Jj;\” NN o Jﬁ ;b.,..:
2. Substitute x = —= into the second equation: i
B yoy=11 3
3. Multlply through by 4 to clear the fraction: Ty +2y =11
7+y+83/=4437 -y=%7 -‘-"5 S o pali ¢ (3o al &
9y=37,50y =5 7+y 37

%= o] x = Y=

4. Substitute y = 2 back into x = %: 9 JL J s 3 P
e 8 O 5E 100 _ 25 - (@ y)—(? ?) "‘

7 1
So, (x,y) = (% %)

ey LW a,u\g@x:%&ﬁf

Question 5.1.240.

Solve the system of equations by the Substitution Method:
3x+4y =10

x=2y=-2 A)(x,y)= (%,%)

B)(x,y) = (5/ 5)

Q) (xy) =(8-%)

D) (v,y) = - (%, 2)

E) None of these choices

Answer: A) (x,y) = (%r %)

1. Solve for x in the second equation: x = 2y — 2. Cx =2y -2 JWE L Dsldl e x 2 Tos
2. Substitute x = 2y — 2 into the first equation: - ) C

3. Simplify and solve for y: 32y -2)+4y =10
6y—-6+4y =10 cy =8 af el
., o e x=2y-2 Gy =8 oy
¢ - (x, 3/)—(5 5) ‘J‘

qaloy

X =

Exercises for Elimination Method

Question 5.1.241.

Solve the system of equations by the Elimination Method:
2x -3y =7

x+y=4 A)(x,y) = (9 11)

B) (v,y) = (-2 -1)

O (ry) = (L, 1)

D) (v, = (¥, 4)

E) None of these choices

~

m|'\’
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Answer: C) (x,y) = (%, %)

1. Multiply the second equation by 2 to align the x
terms:

2(x+y) =

2x+2y =8

2. Subtract the new equation from the first equation
to eliminate x:

(2x-3y)— 2x+2y) =

-S5y=-1,s0y = %

3. Substitute y = % back into the second original
equation to find x:

x+ % =4
y=4_1-20_1_19
5 5 5"
S0, 1) = (2,3).
Question 5.1.242.

Fx Odlblae Amed 2 3 LW Dol O s T
2x+y) =

2x+2y =8

b ey 31 Bl e skl Dol S
(2x-3y) - (2x +2y) =

y:% \Z;M -5y =-1

FxooY LoV LW Bsldl sy =1 jeew

Solve the system of equations by the Elimination Method:

4x -5y =9

3x+2y=-4 A)(x,y)= (—%—%)
B) (x,y) = ( 23 %)

Oy =(-%-%)

D) (x,y) =(% %)
E) None of these choices

Answer: B) (x,y) = ( 237 g)

1. Multiply the first equation by 3 and the second
equation by 4 to align the x terms:

3(4x - 5y) =

4Bx+2y) =4- -

12x — 15y = 27

12x + 8y = -16

2. Subtract the second equation from the first to
eliminate x:

(12x - 15y) — (12x + 8y) =
—-23y=43,s0y = —ﬁ
3. Substitute y =
4x-5(-%)=9

4x + 22135 =9
4y=9_215_ _38

, B>
s 3
So, (x,y) = ( Y 23).

27 — (~16)

back into the first equation:

Question 5.1.243.

) 4 W 3 3 e Dokl o Ta
: X O Dlelas
4Bx +2y) =4-—4 ¢ 3(4x-5y) =

_£ s Jand J=s x WY aedsladt CJ.\GJ f

cx=-% s\lzY Jj\f\ DLl 3y=
. (xy) :( %, —2—3)4‘31

Solve the system of equations by the Elimination Method:

Sx+3y =1
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D) (x,y) = (-, -%)

E) None of these choices

Answer: D) (x,y) = (—i —%)
1. Multiply the second equation by 3 to align the y

terms:
32x—-y)=3-—
6x -3y =-9

2. Add the equations to eliminate y:
(5x+3y)+(6x-3y)=1-9
11x = -8,s0x = —%

3. Substitute x = — 37 8 back into the second equation:
8 _
2(-f)-y=-
16 _
“uy _16_3 3 16 17
8 _17)

Question 5.1.244.

Fy oSl amsd 3 sl Bsladl ey Taw
6x—3y=-9 ¢ 32x-y) =

cy=—B ey B U Gx=—f e

Sy = (-5 -8) A4

Solve the system of equations by the Elimination Method:

3x—4y =5

Sx+2y=7 A)(v,y)=(8,-3)
B) (x,y) = (B, 1)

Q) @y) =(8-%)

D)(x,y) = (13/ 1%,)
E) None of these choices
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Answer: A) (x,y) = (%, —%)

1. Multiply the first equation by 5 and the second
by 3 to align the x terms:

5Bx—-4y)=5-5

35x+2y)=3-7

15x — 20y = 25

15x + 6y = 21

2. Subtract the second equation from the first to
eliminate x:

(15x — 20y) — (15x + 6y) = 25— 21

-26y =4,s0y = —%&.

3. Substitute y = —% back into the first equation:
3x-4(-4)=5

3x + % =5

=5 = o =

x=13-

S0, (v,y) = (15, ~ 1)

Question 5.1.245.

eyl 3G Wl 5 5 SV Bl O Ta
s O Meles
3(5x+2y)=3-7 ¢ 53x—4y)=5-5

cx=1 ey MUl jy=-2 e

() = (%,—% 4‘31

Solve the system of equations by the Elimination Method:

3x+4y =18

2x-3y=-5 A)(x,y) =(2,3)
B) (v, y) = (1,4)

O (x,y) = (-2,3)

D) (x,) = (3,-2)

E) None of these choices

Answer: A) (x,y) = (2,3)

1. Multiply the first equation by 2 and the second
equation by 3 to align the x terms:
2Bx+4y)=2-18

32x-3y)=3--5

6x +8y =36

6x -9y =-15

2. Subtract the second equation from the first to
eliminate x:

(6x + 8y) — (6x —9y) = 36 — (—-15)

17y =51,s0y = 3.

3. Substitute y = 3 back into the first original equa-
tion to find x:

3x+4(3) =18

3x+12=18

3x=6,s0x =2.

Therefore, the solution is (x, y) = (2, 3).

asd 35 Wy 2 5 SN Bkl O Tas
: : N
3(2x—3y) =3--5 4 2(3x +4y) = 2-18

=3 e Jrand Sy x Y ol 2 b g
cx=2 5y LY S Bl 5y =3 e
L) =(2,3) ga JA1 )
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5.1.4 Special cases of linear systems

Question 5.1.246.

Solve the system of equations and determine the number of solutions:

2x+4y =8

x+2y =4 A) A unique solution
B) Infinitely many solutions

C) No solution

D) (x,y) = (0,4)

Answer: B) Infinitely many solutions

1. Multiply the second equation by 2 to align the x
terms:

2(x+2y)=2-4

2x+4y =8

2. Since both equations are now the same, they
represent the same line.

Therefore, there are infinitely many solutions for
every point on the line 2x + 4y = 8.

Question 5.1.247.

P x Odeles gl 2 3 LW Dsladl O e
C2x+4y =8 Usld) ool ¢ 2x+2y) =24

Ll a O Ll (olalets oudslll R
¢ paalad!
Jjwﬁdju|wgyv,Msu3ij
. 2x+4y =8 Lil

Solve the system of equations and determine the number of solutions:

3x—-6y =12

x—2y =5 A) A unique solution
B) Infinitely many solutions

C) No solution

D) (x,y) = (2,-1)

Answer: C) No solution

1. Multiply the second equation by 3 to align the x
terms:

3(x—-2y)=3-5

3x—6y =15

2. Compare the two equations:

3x -6y =12

3x -6y =15

The left sides are identical, but the right sides are
different, indicating that the lines are parallel and
do not intersect.

Therefore, there is no solution.

Question 5.1.248.

5 ) VPPN VESS R I I %] U:L..l\gj.}:._;i.p
.3x—-6y=15 R ool ¢ 3(x=2y) =35

bty ol ¥ Gl o ag oedalall ©lae e
iz oY) Ol

JUs olabliy Yy sty alad! o J) sy e
" Jo e Y

Solve the system of equations and determine the number of solutions:

6x +9y =18
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2x+3y =6 A) A unique solution
B) Infinitely many solutions
C) No solution

D) (x,y) =G 1)

Answer: B) Infinitely many solutions

1. Multiply the second equation by 3 to align the x
terms:

32x+3y)=3-6

6x +9y =18

2. Both equations are now identical, representing
the same line.

Thus, there are infinitely many solutions along the
line 6x + 9y = 18.

Question 5.1.249.

CHAPTER 5. LINEAR SYSTEMS OF EQUATIONS AND INEQUALITIES

0 X Odlae gl 3 5 LW Dsladl O
. 6x+9y =18 Uslll ool « 3(2x+3y) =3-6
Ll e M Ly olmlats Oudslall J e

. 6x+9y =18 lad|

Solve the system of equations and determine the number of solutions:

4x —6y =12

2x—=3y =7 A) A unique solution
B) Infinitely many solutions

C) No solution

D) (x,y) = (2,1)

Answer: C) No solution

1. Multiply the second equation by 2 to align the x
terms:

22x-3y)=2-7

4x -6y =14

2. Compare the two equations:

dx—-6y =12

4x -6y =14

The left sides are identical, but the right sides are
different, indicating that the lines are parallel and
do not intersect.

Therefore, there is no solution.

Choosing the appropriate Method

Question 5.1.250.

5 ) VPPN VESS I I w1 U:L..l\gj.}:._;i.p
cdx—6y =14 Uslal) pead ¢ 22x-3y) =2-7

bty ollaze ¥ Gl o ag oedalall ©las e
iz oY) Ol

JUy olabliy Yy sy calad! o J) ety e
Jo ey Y

Choose thee Right Method and solve the system
Vsl o LI L) o o RN NI AN

x+3y=7

2x—y=-1
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Solution Since solving for one variable in either equation is straightforward, the
Substitution Method is a good choice.

1. Solve for x in the first equation:

x=7-3y

2. Substitute x = 7 — 3y into the second equation:

2(7-3y)—y=-1

14-6y—-y=-1
-7y =-15
15
Yy=+

3. Substitute y = % back into x =7 —3y:

15\ 49-45 4
x_7_3(7)_ 7 7

Solution: (x, y) = (%, %)

Question 5.1.251.

Choose thee Right Method and solve the system
Vsl o GO Ll o ol Y] T

4x -5y =10
2x+y=-3

Solution Here, the Elimination Method is a good choice because the coefficients
of y can be aligned for easy elimination.

1. Multiply the second equation by 5 to align the y-terms:
52x+vy)=5--3
10x + 5y = -15
2. Add the equations to eliminate y:
(4x — 5y) + (10x + 5y) = 10 + (-15)
14x = -5

x:_ﬁ
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3. Substitute x = —15—4 back into the second equation:

10
T ty=s
5 16
y="3+3=-7

Solution: (x,y) = (—%, _%)

Question 5.1.252.

Choose thee Right Method and solve the system
Vsl o LI L) o o RN NI A

3x+4y =15
6x -2y =18

Solution The Elimination Method is suitable here as well, particularly because
aligning the x-terms can quickly lead to simplification.

1. Multiply the first equation by 2 to align the x-terms:
2(3x+4y)=2-15
6x + 8y =30
2. Subtract the second equation from the modified first equation:

(6x + 8y) — (6x —2y) = 30— 18

10y = 12
_ 126
¥Y=1075

3. Substitute y = % back into the first equation:

6
sx+4(8) =15
X (5)

24
3x+— =15
X7 5
24 75-24 51
:1 — — O [ S—
3x 5 5 5 5
(B
15 5

Solution: (x,y) = (1?7' g)
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5.2. Inequalities in xy-plane

5.2.1 General tips for finding the Intersection of Two Linear Inequalities

To find the intersection of two linear inequalities of the form
ax + blyl <,>,>,<c¢1 and ayx+ bzyz <,2,>,<0

e Graph each inequality: Rewrite each inequality in slope-intercept form,
Y1 =mx+ dl and Yo = mpx + dz.

e Draw the boundary line: Use a solid line for < or > and a dashed line for <
or >.

e Shade the solution region: For each inequality, determine which side of the
boundary line to shade by testing a point (commonly (0, 0) if it is not on the
line):

— For y; < myx +dy: Substitute (0,0) into the inequality. If (0,0) satisfies
the inequality, shade the region that includes (0, 0); otherwise, shade the
opposite side.

— For y» > mpx + dy: Similarly, substitute (0,0). If (0,0) satisfies the in-
equality, shade the region containing (0, 0); if not, shade the other side.

The area where the two shaded regions overlap is the solution to the system
of inequalities, as it satisfies both conditions.

e Identify the intersection: The overlapping shaded region is the solution set
of the system.
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Relevant Cases of Systems of Inequalities in the Plane

Example 5.2.27. We solve the system of inequalities: x < 2.

Solution

1. Graph the Inequality: For x < 2: Draw the
line x = 2 (vertical, solid).

2. Identify the Solution Region: Check if the
shaded region contains the point (0, 0) Answer
YES. So this side is the solution.

x=2 Lil fwj‘ cox<2 J ol £ 1.
el ) o (Ao 1535

Gkl cob 3] Lo Gag @ g4l Gilale ayas’ 2.
(3] o= 10l (0,0) daidl Lo g3 Ul
A s ol i

Figure 30. Solution region is the shaded region.

Example 5.2.28. We solve the system of inequalities: y > 1.

Solution

1. Graph the Inequality: For y > —1: Draw
the line y = —1 (horizontal, dashed because of
strict inequality).

2. Identify the Solution Region:

Check if the shaded region contains the point
(0,0) Answer No. So the other side is the
solution region.

y=1 Lil (w! : Ll PRt
Sl ) Mo (lades 5T oty e ¢ il
dalall ol 13) Lo Gad ) Dikele agas 2.
Q3] Y 013 (0,00 Laidl fe s Al

RS A VSEE I AW

y>1 J:

I

I
T-—-F=—=-=-+=-=1-=-+ -

I I I I I

Figure 31. Solution region is the shaded region.
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Example 5.2.29. Determine graphically the region (x,y) such that 2x + 3y > 6.

I I I I I
b I e e S i

Solution

P S
$olution Region
B e —
I
1

To solve the inequality 2x + 3y > 6 graphically,
follow these steps:

e Draw the Line:
Plot the points (3,0) and (0, 2), and draw
a solid line through them (solid because

> includes the boundary).

e Determine the Region: Choose a test
point, like (0, 0), and substitute into 2x +
3y > 6: See that 2(0) + 3(0) = 0 > 6. isnot
satisfied. Since (0,0) does not satisfies

the inequality, shade the region that not
include (0, 0). Figure 32. One region as solution: Solution of the
inequality 2x + 3y > 6.

Example 5.2.30. Determine graphically the region (x, y) such that 2x + 3y < 6.

| | | | | y | | | | |

*7**\**‘1*’f**\*S"**\**ﬂ**T**\**?*
Solution

To solve the inequality 2x + 3y < 6 graphically,
follow these steps:

e Draw the Line:
Plot the points (3,0) and (0, 2), and draw
a solid line through them (solid because
< includes the boundary).

e Determine the Region: Choose a test
point, like (0, 0), and substitute into 2x +
3y <6: Seethat2(0)+3(0) =0<6.issat-  ~7~ "+ " T 7
isfied. Since (0, 0) satisfies the inequality,
shade the region that include (0, 0).

Figure 33. Solution of the inequality 2x + 3y < 6.

Question 5.2.253.

Determine graphically the region (x, y) such that 2x +3y > 6 and y > 0.

Example 5.2.31. We solve the system of inequalities: y > =1 and x < 2.

Solution
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1. Graph the Inequalities Individually:

e For y > —1: Draw the line y = —1 (horizontal,
dashed), shade above it.

e For x < 2: Draw the line x = 2 (vertical, solid),
shade to the left.

2. Identify the Solution Region:

¢ The solution is the overlapping region above
y = —1 and to the left of x = 2.

3. Characteristics of the Solution:

o The solution region is unbounded, extending
infinitely. It includes points like (0,0), (1,0),
and any point with x <2 and y > —1.

4. Visualization Summary:

¢ Boundary Lines:

y = —1 (dashed) and x = 2 (solid).

e Shaded Region:

Above y = -1 and left of x = 2.

Figure 34. Solution as overlapped area.
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Example 5.2.32. We solve the system of inequalities: y > x+3 and y<x-2.

Solution

1. Graph the Inequalities Individually:

e For y > x + 3: Draw the line y = -1 (oblique,
dashed), shade above-left it.

e For y < x—2: Draw theline y = x —2 (oblique,
solid), shade to the down-right.

2. Identify the Solution Region:

e There is no overlapping region. Thus, there
is no solution.

¥y Oujlee y=x-2 4 y=x+3 (ki
Y W Jalas ¥ LG e 1 GbUL plblay

J e

Figure 35. No overlapped area: No Solution.

Example 5.2.33. We solve the system of inequalities: y > —x+1 and y <2x+3.

Solution After drawing the lines y = —x+1and y = 2x+ 3,
we select a test point, such as (0, 0), to determine which side
of each line satisfies the inequalities. This point lies within
the overlapping shaded region, confirming that it is part of
the solution set. Since the inequalities are non-strict, the
solution to this system is a closed, possibly unbounded re-
gion where the shaded areas overlap, including the bound-
ary lines. Any point within this overlapping region, or on
the boundaries, satisfies both inequalities and is therefore
a solution.

Olst s W y=2x43 g y=—x+1 (nkd] o
c ol it s K e Lol ) At (0,0) e
oo Ll asg Lo cdsladl el Gkl 02 el ol
Ly ) ol clole b olulal) oY By 4] deges
Sl Jo s o cBrgas a8 Loy cGalie dalale ga pUall
Gl odn sl Ui gl gud] bokes 5§ e ciulkal)
e JEls el S G pad] e ol sl

Al

*‘1***———\———\———\—‘5—‘

Y

+- dver-l&ppe:d-aréa .
The Solution region ,

B LI

4

Figure 36.

=

Bounded Region (closed sides)
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Example 5.2.34. We solve the system of inequalities:

Solution After drawing thelinesy =x—-1land y = —%x +2,
we select a test point, such as (0, 0), to determine which side
of each line satisfies the inequalities. This point lies within
the overlapping shaded region, which confirms it is part of
the solution set. Since the inequalities are strict, the solution
to this system is an open, unbounded region between the
two lines where the shaded areas overlap. Any point within
this overlapping region satisfies both inequalities and is
thus a solution.

Gl e i cy=-1x+2 g y=x-1 Jdad) o A
f bl Gig Ls K e e Sl aaxd (0,00
e Wl assy Lo calslad) W) et 02 i) oda
58 pUadl g g1 0 o)l olylall oY Blaiy 4] dsges
SbUl Jolan Cus Odad! Gy Byga2 ady d>gtae Likis
ol 56 Gag dslazl) Gl ok s e o Glall

e e s JUL

Example 5.2.35. Determine graphically the region
x—y=0.

Solution After drawing the lines2x +3y =6andx -y =0,
we select a test point, such as (0, 0), to determine which side
of each line satisfies the inequalities.

e For2x+3y <6:2-0+3-0 <6 = 0 <6, whichis true.
This means (0, 0) satisfies the inequality 2x + 3y < 6,
so the solution for this inequality lies on the same
side of the line as this point.

e Forx—y >0: 0-0 >0 = 0 > 0, which is also
true. This confirms that (0, 0) satisfies the inequality
x—y 2 0, so the solution for this inequality also lies
on the same side of the line as this point.

y>x-1 and y<—%x+2.

Figure 37. Unbounded Region (open sides)

(x,y) such that 2x + 3y < 6 and

Sl R —
| | 1
| | 1
e
1 1 !
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~
} —- }
3 4 5%
1 I 1

Figure 38. Solution of the inequality 2x +
3y<6andx—y >0.

Since both inequalities are non-strict, the solution to this system the closed overlapping region.

Question 5.2.254.
Determine graphically the region (x, y) such that

1. 2x+3y>6andx—y > 0. 3. 2x+3y<6andx—y >0.

2. 2x+3y>6and x—y <0. 4. 2x+3y>6and x—y <0.
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5. 2x+3y=6and x—y > 0.
6. 2x+3y=6andx-y =0.
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7.2x+3y=6and x—y > 0.

Example 5.2.36. Determine graphically the region (x,y) such that 2x + 4y > 0 and

x—4y <5.

Solution After drawing the lines 2x + 4y = 0 and
x —4y = 5, we select a test point, such as (0, 0),
to determine which side of each line satisfies the
inequalities.

e For 2x+4y > 0: 2-0+4-0>0=0 >0,
which is false. Therefore, (0,0) does not sat-
isfy the inequality 2x + 4y > 0. This means
the solution for 2x + 4y > 0 lies on the oppo-
site side of the line relative to this point.

e Forx—4y <5:0-4-0<5= 0 <5, which
is true. This confirms that (0, 0) satisfies the
inequality x — 4y < 5, so the solution for this
inequality lies on the same side of the line
as this point.

I I I I I y I I I I I
e i R R e e T il e e e e
S ST SR W
l l l l l l i
| | | | | | i
| e T I I e R A
| | | | | | i
| | | | | | i
| I O
| | | | i
| | [ | |
I 1 1 |y§5
} 4 4 4 4 !
N
I I I I :"-1 - _:__Z}&qh#mg{e'gilon
I I I I I I n?!\\ | ]
e R 1Y il
: : : : : I I I ‘/z’\'§\0’v
SO T P T
P S
I I I I I I I I I I
ST
I I I I I I I I I I

Figure 39. Solution of the system 2x + 4y >

Oand x -4y <5.

Since the inequality 2x + 4y > 0 is strict, the solution to this system excludes
the boundary line 2x + 4y = 0, making it an open region on that side. How-

ever, the inequality x — 4y < 5 is non-strict, so the solution includes the boundary
line x — 4y = 5. The solution is an open, potentially unbounded region where the
shaded areas overlap, excluding the boundary line of 2x + 4y = 0 but including the
line x —4y = 5. Any point within this overlapping region satisfies both inequalities

and is thus a solution.

Question 5.2.255.
Determine graphically the region (x, y) such that

1. 2x+4y <0and x -4y < 5.
2. 2x+4y <0and x —4y > 5.

5. 2x+4y <0and x —4y <5.

6. 2x+4y >0and x -4y = 5.

3. 2x+4y <0and x —4y < 5.
4. 2x+4y >0and x —4y > 5.

7.2x+4y=0and x -4y <5.

Example 5.2.37. Determine graphically the region (x, y) such that 2x + 3y +6 < 0 and

4x+6y+10 > 0.
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Solution

Consider the system of inequalities: 2x + 3y +6 < O and 4x +
6y +10 > 0. Simplifying the second inequality by dividing
by 2, we obtain: 2x + 3y +5 > 0. This gives two inequalities:
2x+3y < —6and 2x + 3y > —5. These inequalities imply that
2x + 3y must be both less than or equal to —6 and greater
than or equal to -5, which is impossible. Therefore, the
solution to the system is empty.

dx+6y+10>0. 5 2x+3y+6<0 ol pllal s

e s 2 e il Gk e W L s
s 20+3y<—6 0l e s 2x+3y+520.

ol oz 2043y o ) ol sda 4kl 2x+3y > -5.
shoge A Sl s 3y 6 sl sl e (B 05K
5o sl s o 0B () s ol smy ¢ =5 g5l
Question 5.2.256.

Determine graphically the region (x, y) such that

1. 2x+3y+6 > 0and 4x + 6y + 10 > 0.

0.

CHAPTER 5. LINEAR SYSTEMS OF EQUATIONS AND INEQUALITIES

: : : 31'/ : : :
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Figure 40. Solution of the system 2x + 3y +
6 < 0and 4x + 6y + 10 > 0 (Empty Solution
Set)

5. 2x+3y+6 <0and 4x + 6y +10 >

2. 2x+3y+6 <0and 4x+6y+10 < 0.

0.

6. 2x+3y+6>0and 4x+6y+10 <

3. 2x+3y+6 <0and 4x+ 6y +10 < 0.

0.

7. 2x+3y+6>0and 4x + 6y +10 =

4. 2x+3y+6 > 0and 4x + 6y + 10 > 0.

Exercises

Question 5.2.257.

Solve the system of inequalities and determine the number of solutions:

3x+2y>6

6x +4y <12 A) A unique solution
B) Infinitely many solutions

C) No solution

D) (v, y) = (2,0)

Question 5.2.258.
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Solve the system of inequalities and determine the number of solutions:
5x+5y > 15

x+y <3 A)Aunique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (3,-1)

Question 5.2.259.

Solve the system of inequalities and determine the number of solutions:
dx +6y > 12

2x+3y <6 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (1,1)

Question 5.2.260.

Solve the system of inequalities and determine the number of solutions:
7x + 14y > 28

x+2y <4 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (4,0)

Question 5.2.261.

Solve the system of inequalities and determine the number of solutions:
2x—y>4

4x -2y <8 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (3,-1)

Question 5.2.262.

Solve the system of inequalities and determine the number of solutions:
6x +2y > 10

3x+y <5 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (L1)

Question 5.2.263.
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Solve the system of inequalities and determine the number of solutions:
8x +4y > 20

4x +2y <10 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (3,-1)

Question 5.2.264.

Solve the system of inequalities and determine the number of solutions:
x+3y>9

2x +6y <18 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,) = (3,2)

Question 5.2.265.

Solve the system of inequalities and determine the number of solutions:
3x—y>9

6x —2y <18 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (3,0)

Question 5.2.266.

Solve the system of inequalities and determine the number of solutions:
10x + 15y > 30

2x+3y <6 A) A unique solution

B) Infinitely many solutions

C) No solution

D) (x,y) = (5,0)
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Question 5.2.267.

Write the equations of these lines.

Question 5.2.268.

Find a system of inequalities whose solu-
tion includes the point (0, 0) but does not

include the points (-2,-2), (-2,2) and

(=5,0).

=

TErI-— - —-—--t-

Question 5.2.269.

Write the equations of these lines.

Question 5.2.270.

Find a system of inequalities whose so-
lution includes the point (0,0) but does

not include the points (-2

3,3).

0), (0,3) and
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Question 5.2.273.

Write the equations of these lines.

Question 5.2.274.

Find a system of inequalities whose solu-
tion does not include the point (0, 0).

Question 5.2.275.

Find a system of inequalities whose so-
lution includes the point (-2, 2) but does

not include the points (0, 0), (-2, -2) and

(

-5,0).

Question 5.2.276.

Find a system of inequalities whose solu-
tion includes the point (-2, -2) but does

not include the points (0,0), (-2,2) and

(

—5,0).

=

TErI-— - —-=-1-=- 1=

Question 5.2.277.

Find a system of inequalities whose solu-
tion includes the point (0, 3) but does not
include the points (-2, 0),(0,0) and 3, 3.

Question 5.2.278.

Find a system of inequalities whose so-
lution includes the point 3, 3but does not
include the points (-2, 0), (0, 3) and (0, 0)



CHAPTER

Next Book: Functions in
one variable

This next book, functions in one variable, provides a comprehensive guide to
understanding and analyzing functions in one variable, covering various func-
tion types such as polynomial, rational, exponential, logarithmic, trigonometric,
and more. Each section includes practical tips for identifying, graphing, and ap-
plying different types of functions and addressing specific challenges associated
with each. Additional sections focus on functions commonly used in modeling
and applied mathematics, including logistic and piecewise-defined functions and
miscellaneous tips and tricks to aid function analysis and problem-solving.

While this table of contents represents a broad framework, the detailed content may
differ in structure or depth to adapt to specific educational needs or applications.
The aim is to provide a flexible, insightful resource for students, educators, and
practitioners working with functions in one variable. This guide also includes
a summary section with critical takeaways, practice problems, and a glossary of
essential terms to support further exploration and mastery of the material.

Introduction to Functions in One Variable

e Definition of a Function in One Variable
e Domain and Range
e Graphical Interpretation and Behavior

Polynomial Functions

Tips for Identifying Polynomial Functions
Behavior of Polynomial Graphs

End Behavior: Leading Term Analysis
Finding Roots and Multiplicities

Local Extrema and Inflection Points

159
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Rational Functions

e Recognizing Rational Functions

e Tips on Domain Restrictions and Excluded Values
e Analyzing Vertical and Horizontal Asymptotes

e Slant Asymptotes and Holes in the Graph

e Behavior Near Asymptotes

Exponential Functions

e Understanding Exponential Growth and Decay
Analyzing the Base of Exponential Functions
Graphing Exponential Functions

Tips for Applications in Real-World Problems
Logarithmic Relationships and Conversions

Logarithmic Functions

Properties of Logarithmic Functions

Domain and Range of Logarithmic Functions
Logarithmic Scale Interpretation

Common Logarithmic Identities and Simplifications
Solving Exponential Equations Using Logarithms

Trigonometric Functions

Key Properties and Periodicity

Graphing Sine, Cosine, and Tangent Functions

Phase Shift, Amplitude, and Frequency Tips
Identifying and Using Inverse Trigonometric Functions
Applications of Trigonometric Functions in Modeling

Inverse Functions

¢ Defining and Identifying Inverse Functions

e Graphing Tips for Inverse Functions

e Relationship between Function and Its Inverse

¢ Finding Inverses of Common Functions

e Applications of Inverse Functions in Real-World Scenarios

Absolute Value Functions

e Understanding the Absolute Value Definition
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e Graphical Analysis and Transformations

e Piecewise Representation of Absolute Value Functions

e Applications and Tips for Solving Absolute Value Equations
e Absolute Value Inequalities

Piecewise-Defined Functions

Recognizing and Constructing Piecewise Functions
Tips for Graphing Piecewise Functions
Continuity and Differentiability of Piecewise Functions

Real-World Applications of Piecewise Functions

Radical Functions

e Domain and Range Considerations for Radical Functions
e Graphing Square Root and Cube Root Functions

e Transformations of Radical Functions

e Tips for Simplifying Expressions with Radicals

e Solving Radical Equations

Power Functions

Characteristics of Power Functions

Odd vs. Even Powers: Symmetry and Behavior

Graphing Tips for Power Functions

Applications of Power Functions in Physics and Economics
¢ Simplifying and Manipulating Power Functions

Logistic Functions

e Understanding Logistic Growth and Saturation Points

e Graphing the Logistic Function

e Applications of the Logistic Model in Biology and Population Studies
e Tips for Solving Logistic Equations

Miscellaneous Tips and Tricks

e Quick Checks for Function Behavior (Increasing/Decreasing)

e Using Calculators and Software for Function Analysis

e Common Mistakes to Avoid in Function Analysis

e Strategies for Solving Real-World Problems Involving Functions
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Summary and Review

e Key Takeaways for each Type of Function
e Practice Problems and Solutions
e Glossary of Essential Terms Related to Functions



e Equation: A mathematical statement
asserting that two expressions are
equal, typically involving a variable,
suchasx+3 =7

s O 8 Bsl, Ble o DL

S Date eas Z;Lcj (gl

x+3=7

Inequality: A mathematical expression

showing that one quantity is greater

than, less than, greater than or equal to,

or less than or equal to another, such as
x>50rx<10

LS Ol #Pn pol, e Skl

x<10

Solution of an Equation: The value(s)

of the variable that make the equation
true,suchasx=4inx+3=7

el Sl s Bl e
3 x=4 Ju dnx Ul NeEd
) x+3=7
Solution of an Inequality: The set of

values that satisfy the inequality, such
as all x values greater than 3inx > 3

Sif Q) deser wldl g
L}rwﬁfg‘xﬁggdbﬂﬁw‘

x>3
Linear Equation: An equation of the
form ax + b = 0, where a and b are con-
stants and x is the variable
Kl e Dolee ¢ gl DsLl
2 x g QWU b g0 G ax+b=0

gt
Linear Inequality: An inequality that
can be written in the form ax+b > 0,
ax+b < 0,ax+b >0, orax+b <0,
where a and b are constants
S LW Ko Ll 0 gl Ll
ax+b>0¢ax+b<0¢ax+b>0 J&

Ol b ga Cu> < ax+b§0j:
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Glossary of Terms of linear equations and inequalities

e System of Linear Equations: A set

of two or more linear equations with

two variables, such as x +y = 5 and

2x—y =3

RPE PIVP I AN KM
2x—y=3 gx+ty=>5

System of Linear Inequalities: A set of

two or more inequalities with two vari-

ables, suchasx+y>5andx—-y <3
Dlte o deges s Glad] SLLAl LU
X+Y>5 Jo it Cojfiji e
x—y<3 9
Graph of an Equation: A visual repre-
sentation of all the solutions of an equa-

tion in the coordinate plane For exam-
ple, y =2x+3isaline

C:J- Sl e s sl %3\.‘.*" ‘;\«J“
&, RIS ol 3 Dl Jols
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Graph of an Inequality: A visual rep-
resentation of all the solutions of an in-
equality, often shown as a shaded re-
gion on one side of a boundary line
pb o D G )
Al @i ] b Wy izli] Syl
s9adl e e il Ye
Intersection of Solutions: The set of
points that satisfy both equations or in-
equalities in a system

S LGl degez 0 Joldl Oy CL\S.‘:H
Pl 5 owlall S oadslall 36 sasd
Union of Solutions: The set of points
that satisfy at least one equation or in-
equality in a system
saf W LR Legez 0 Joldl S
G ol ol BV ke dasly sl
Tw‘
Unique Solution: A solution that exists
when a system of equations has exactly

one point of intersection, such as x = 2
andy =3
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Infinitely Many Solutions: When a
system of equations has an infinite num-
ber of solutions, usually because the
equations represent the same line

Qﬂhwd#‘wév\J:A&
(Jsdl e JL Y sae OVl Ll

Ll i oYsldl oY bl
Empty Solution (No Solution): When
a system of equations has no solutions

because the lines are parallel and never
intersect

plad 0 Las : (J Y '@w\ J4
Lokl o] cawy &6 Jolo @Yol
cblas Vs & lste

Quadratic Equation: An equation of
the form axZ + bx +c¢ = 0, where a, b,
and c are constants, and a # 0.
Sl e doles 0 Ly AN Usladl
Cg¢bca >« ax>* +bx+c=0
Standard Form of a Quadratic Equa-
tion: The form ax? + bx + ¢ = 0, where g,
b, and c are constants.
Ld) 1 Ly A Dol Lol 2
C g ¢bca e« ax’> +bx+c=0
el
Roots of a Quadratic Equation: The
values of x that satisfy the quadratic
equation, often found using the qua-
dratic formula.
sagt A« o Ly O Dol | g0
Bale laslx) f\)j (lamw A D)
Quadratic Formula: A formula to find
the roots of a quadratic equation: x =

—b+ Vbh2—4ac
2a :

e Consistent System: A system of equa-

tions that has at least one solution
»byuwburua:@&rua
NIV
Inconsistent System: A system of equa-
tions that has no solution
d&o\f:br\]aj:&.ﬁ»&(@
J
Dependent System: A system of equa-
tions that has infinitely many solu-
tions, often the same line or overlapping
lines
:MUQYJL-A?U&J:JL«LJ.@rUbJ
bolas 555 L WL (Joldl e uﬂ‘r N
A lae j ki
Independent System: A system of
equations that has a unique solution

Glossary of Terms of Quadratic Equations and Inequalities

2a
Discriminant: The expression b? — 4ac
in the quadratic formula. It determines
the nature of the roots of the quadratic
equation.

Dladl o 3 P—dac axdl 0 all

Ay A

Real Roots: If the discriminant b —
4ac > 0, the quadratic equation has real
roots.
b —dac >0 pell O 13} : {dd> [ gie
g gl dwg Al dalaall Gl
Complex Roots: If the discriminant
b? — 4ac < 0, the quadratic equation has
complex roots.
¢ D2 —4ac < 0 el O 13): Lade i
s gde dan Al Aol 1
Vertex: The highest or lowest point on
the graph of a quadratic function, given

by the point (—Z—Z,f(—%)).
e s ol ol el et

il eas (dag Al W 4
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Axis of Symmetry: A vertical line pass-

ing through the vertex of a parabola,
given by x = —%.
R T ST
cx=—2 Doladl laa g KU =l
Parabola: The U-shaped graph of a qua-
dratic function, either opening upward
or downward.
j‘dfp&ﬁiJ‘: 3K1|CL}J|
B sie 09 Cam cimy Al Il gl
Jad ) e
Factoring: A method of solving qua-

dratic equations by expressing them as
a product of binomials.
OYsldl 4 &G b Jeles J il
Completing the Square: A method of
solving quadratic equations by rewrit-
ing the equation as a perfect square.
SUldl b @m b o ml ]
Dldl L ole) 5 b e dmg Al
A day 5 UolaeS”
System of Quadratic Equations: A set
of equations where at least one equation
is quadratic, such as y = x? + 2x + 1 and
y=x+3.

Samly Asles L 9SS QI Yol

sy =220+ Jochmy  BY e

.Yy=x+3
Intersection Points: The points where
the graphs of equations in a system

Glossary of Terms for Polynomials

e Polynomial: An expression consisting
of variables and coefficients, involving
terms with non-negative integer expo-
nents, such as f(x) = ax” + bl 4. 4

C.
09Ky Al 1 (d9ad] Traxle) Logas

‘33.,\» B 4\3»\‘*) U‘J},—':v" o0
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intersect, representing solutions to the
system.

e C\aLL; d’d\ L C\o\.’é,’:ll LG
N er'a.'J\ 3 OYsldl ol

. rUb.:)\ Jol>
Number of Solutions for a Quadratic
System: A quadratic system can have
zero, one, two, or infinitely many so-
lutions depending on the relationship
between the curves.

QjL S %""’j r\.\a.:l J,,U-l dAs
e Bl Joldt e Sl Y s

el oo B
Unique Solution: When a quadratic

system has exactly one point of inter-
section.

s rL!ea;.l NES R PRV V- R T
Infinitely Many Solutions: When a
quadratic system has infinitely many
solutions, typically when one equation
represents the same curve as another.

055y Leais : ol o Jli Y sae
sl e Sl Y sas wﬂ‘ sl
b Baely Dsles BF Lwis Ble
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No Solution (Empty Solution Set):

When a quadratic system has no points
of intersection.

bas @ (&6 Joo &g Jo Y

Sl g i d OB

. f(x) =ax"+bx" 144
Degree of a Polynomial: The high-
est exponent of the variable in a poly-
nomial. For example, the degree of
3xt+x% - 5is 4.

g oasll Gl 4T Ragad) de
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Monomial: A polynon{ial with only
one term, such as 5x3 or —7.
o s 652.4 Loghe é)‘ai A
=7 o1 523 fe cdais sl
Binomial: A polynomial with exactly
two terms, such as x% + 3x.
Cpie J:— 65’3 Loghs ‘;;'lb“ A
. X% +3x Jo cdaid
Trinomial: A polynomial with exactly
three terms, such as x% + 3x + 2.
LIPS djiﬁ Loge - é}\}’ KPS
C2 3 +2 e csgue
Leading Coefficient: The coefficient of
the term with the highest degree in a
polynomial. In 4x% + 3x? — 2x + 5, the
leading coefficient is 4.

Al 3 adl el 0 a1 Jla)
45432 - 2045 3 &gadl G eV

Constant Term: A term in a polynomial
that has no variable, such as the ¢ in
ax" + .- +c.

RANTEUREETNE A Ry N A PRV X
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Rootof a Polyrulomialz A value of x that
makes the polynomial equal to zero,
also called a solution or zero. For exam-
ple,x =1 isarootof x2—3x+2=0.

Logad] ed ¥ J e ¢ ippgadl Lis

Seall 51 AL LG Gy cBaw (sl
e ox=1 JWl fue e

L x2=3x+2=0
Factoring a Polynomial: Writing a

polynomial as a product of its factors,
such as x? —5x + 6 = (x — 2)(x - 3).
c.,af Logadl LU Logadl S
X2 =5x+6 = (x—2)(x—3) Jo cGlolgal
Synthetic Division: A shortcut method
for dividing a polynomial by a binomial
of the form x —c.

- "I s = Z_.:'_.;.JL . x:*:{ﬂ‘ o ..“
cx—c KAl e S se fe Dogad]

Long Division of Polynomials: A
method for dividing one polynomial by
another, similar to long division with
numbers.

i) @ b+ olsganll Yolall Lol

Volal| Tl ol (g 51 Yo Login
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Remainder Theorem: States that the re-
mainder of the division of a polynomial

f(x) by x —cis f(c).
s bl e e 0 U G
) sax—c fe f(x) Logad!

Factor Theorem: States that x —c is a
factor of f(x) if and only if f(c) = 0.
Jole x—c ol Lo et Jolgdl & L
Multiplicities of Roots: The number of
times a root is repeated in the factoriza-
tion of a polynomial. For example, x = 2
has multiplicity 2 in (x — 2)2.
S el sae s edd) Lo
Jebe s Agsgad! S d Sl L
C(x=2)? Sy Lous Jdx=2 <JL:N
End Behavior: The behavior of the
graph of a polynomial as x approaches
infinity or negative infinity, determined
by the degree and leading coefficient.
bias Lagad! amie dole s LU dole
SN [T RN SN U 3T RO S+
Joladly  im ) Ladlyy  owpus f::r.j
Turning Points: Points on the graph of
a polynomial where the direction of the
graph changes. A polynomial of degree
n can have up to n — 1 turning points.
Lagad| gmie Jo Bl (el LG
R ;..:'Dj.z\;‘ dL..J‘ f\u)‘ ol sl G

b b s d}& ol Ken i Wl

Jedl b o1 )

Polynomial Function: A function de-

fined by a polynomial expression, such
as f(x) = 3x* - 2x3 +x - 5.

e Aauly G D Ldeas s

Cflx) = 3x*—2x3 +x-5 Je (53902
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Glossary: Completing the Square

e Completing the Square: A technique & AN IS e J‘U\ Yo 3 o)

used to simplify quadratic expressions
or solve quadratic equations by trans-
forming a trinomial into a perfect square
form.
) dad pasS L Cu“ Jus1
o5 L Al OYoldl 4 ol £y A
o S8l asad! B s s b
-8
Perfect Square Trinomial: An expres-
sion in the form (x +a)? = x? + 2ax + a2,

where it represents the square of a bino-
mial.

3w S (x +a)? = x% + 2ax + a?
Quadratic Equation: A polynomial
equation of degree two, typically writ-
ten as ax? + bx + ¢ = 0.

Wl e Lagde Dolas t dmy 5 Dsles
S LSS asle (oW

Lax2+bx+c=0

Vertex Form: The form of a quadratic
function written as f(x) = a(x — h)? +k,
where (h, k) represents the vertex of the
parabola.

0 5o Ay A VA s ) G
Cuw> ¢ fX)=alx—h)2+k ¢ s
! Cw\ oh (k) Je
Standard Form: The form ax? + bx + c of
a quadratic equation, where 4, b, and ¢
are constants.
& L g Dolee K30 Lk Lo
Cgcba s ax+br+c gl
oyl
Transforming to Vertex Form: Rewrit-
ing a quadratic expression in the vertex

form by completing the square to iden-
tify the vertex.

o S Ble] ¢ P Lo Y s

N s BUREN

e Parabola: The graph of a quadratic

function, shaped like a "U" and either
opens upward or downward.

Gy 5 AW 3L f kL% Cle’j
Square Root Property: A method for
solving equations of the form (x — h)? =
k by taking the square root of both sides,
yielding x — i = + Vk.

JF @b o e A A Lol
o (-hP =k Kl e oYl
TCO RSN SR B CA S A
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Discriminant: Part of the quadratic
formula under the square root sign,
b2 — 4ac, which determines the nature
and number of solutions.

et mg A Doladl daeo o 55 1l
sag sl PP—dac ¢ an AV 04

Solving Quadratic Equations: Using
methods like factoring, completing the
square, or the quadratic formula to find
the values of x that satisfy the quadratic
equation.

G ol ¢ G A Yol o
Bolall T 51 ¢ JV JsT ¢ bl 2o
Bl Gid xS sl e A

Axis of Symmetry: A vertical line
that passes through the vertex of the
parabola, dividing it into two symmet-
ric halves, given by x = —2—ba.

x=-g 5yl ey
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e Minimum/Maximum Value: The low-

est or highest point on the graph of a

quadratic function, found at the ver-

tex.

Lo J.:J ol ) pelaall aall L3

X de gl (g 5 AN LI fwjﬂ J.;
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Real and Complex Solutions: Solu-
tions to the quadratic equation, which
can be real (when the discriminant is
non-negative) or complex (when the
discriminant is negative).

Dol Syl Gkl Jyloy A oyl
bais) &id> 055 Ol (Ko Law s
Ly guie ol (Il e Snall 055

e Circle: A set of all points in a plane
that are equidistant from a given point
(the center), typically represented by
(x=h)?+(y-k?=r%

Sy 3 LRI mf e Legaz s 35
iy o Lolude Bl Lo S$Sb

Gaaddl Bl 5 (5l Dme
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Ellipse: A set of points where the
sum of the distances from two fixed
points (foci) is constant, represented by

2
Py G g

a2
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OELE Glas e Bl s ges
Goall ey BE (0v)3dh

_hZ _kZ
. (xaz) + (]/bz) =1

Parabola: A set of points that are
equidistant from a fixed point (focus)
and a fixed line (directrix), represented
by y = ax? + bx +c or (x —h)* = 4p(y —
k).

S5 055 bl e deges JK.CES
G5 @Y LB e Llde Bl

gl Jey (A el sy
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e Quadratic Formula: The formula x =

—b+ Vb2—4ac

R used to solve any quadratic
equation by calculating the roots.

Lodl g Al D Lo
I N
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Factoring: Breaking down the qua-
dratic equation into simpler binomials
if possible, as an alternative to complet-
ing the square or using the quadratic

formula.

390 I demg A Dslad ) olCas o fulodl
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Glossary: Conic Sections and Geometrical Shapes

C(x=h)? =4py—k) j“ y=ax®+bx+c

e Hyperbola: A set of points where the

absolute difference of distances from

two fixed points (foci) is constant, rep-

)2 12
resented by (xa# - % =1

055 Lo LA (0 dosaz s Wl ulab
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Triangle: A three-sided polygon with
three angles, classified based on side
lengths or angles (e.g., equilateral,
isosceles, scalene).
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Rectangle: A quadrilateral with four

right angles and opposite sides that are
equal in length.

blys ol @ e U, 0 e
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Square: A rectangle with four equal
sides and four right angles, also con-
sidered a regular quadrilateral.

Lolaie g3l da )l 4 Jlins : m e
e sl Wl s (266 Ul s
Rhombus: A quadrilateral with four

equal sides and opposite equal angles,
often described as a "tilted square."

35 Y £l 1 (FB o) v
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Trapezoid (US) / Trapezium (UK): A

quadrilateral with at least one pair of
parallel sides.

N PRSI VPR PR
Polygon: A closed figure with three
or more straight sides, such as trian-

gles, rectangles, pentagons, and hexa-
gons.
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Pentag?n: A five-sided polygo‘n.
g Ll 95 sl EASYI ngé

Hexagon: A six-sided polygon, com-
monly found in regular shapes such as

169

honeycomb patterns.

o3l Je alall SRV 5 Bole ey
Jedl s

Octagon: Aneight-sided polygon, com-

monly seen in stop signs.

el LU g3 sl s Y U
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Cylinder: A three-dimensional shape

with two parallel circular bases con-
nected by a curved surface.

Joasls 93 sl RN Blglad

Cone: A three-dimensional shape with
a circular base and a single vertex, re-
sembling an ice cream cone.

sash 55 sVl P s 0 by 2
oY by wky ey Ly 20

eF
Sphere: A perfectly round three-
dimensional shape with all points on

the surface equidistant from the cen-
ter.
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